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A new simplified method and its verification for calculation of
consolidation settlement of a clayey soil with creep
Jian-Hua Yin and Wei-Qiang Feng

Abstract: The calculation of the consolidation settlement of clayey soils with creep behaviour has been a challenging issue with
a long history. After a brief review the assumptions made in the two methods based on Hypothesis A and Hypothesis B, the
authors present a new simplified hypothesis B method for calculation of consolidation settlement of a clayey soil with creep.
Equations of this method are derived based on the “equivalent time” concept for different stress–strain states. This simplified
Hypothesis B method is then used to calculate the consolidation settlement of a number of typical consolidation problems. The
approximation and verification of this simplified method are examined by comparing the calculated settlements with settle-
ments computed using two fully coupled finite element (FE) consolidation analysis programs using elastic viscoplastic (EVP)
constitutive models (Hypothesis B) and the Hypothesis A method. It is found that the curves calculated using the new Hypoth-
esis B simplified method with a factor � = 0.8 are close to curves from two FE model simulations with relative errors in the range
0.37%�8.42% only for three layers of Hong Kong marine clay (HKMC). In overall, the settlements calculated using Hypothesis A
method are smaller than those from the two FE simulations with relative error in the range 6.52%�46.17% for the three layers of
HKMC. In addition, this new simplified Hypothesis B method is used to calculate the average strain of consolidation tests done
by Berre and Iversen in 1972. The calculated results are compared with the test data, and values from a fully coupled finite
difference (FD) consolidation analysis using Yin and Graham’s EVP constitutive model (Hypothesis B), and Hypothesis A method.
It is found that, again, the results from the new simplified Hypothesis B method are very close to the measured data. In
conclusion, the new simplified Hypothesis B method is a suitable simple method, by spread-sheet calculation of the consolida-
tion settlement of a single layer of a clayey soil with creep.
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Résumé : Le calcul du tassement de consolidation des sols argileux avec un comportement de fluage a été un enjeu difficile avec
une longue histoire. Après un bref examen des hypothèses formulées dans les deux méthodes basées sur l’Hypothèse A et
l’Hypothèse B, les auteurs présentent une nouvelle méthode d’Hypothèse B simplifiée pour le calcul du tassement de la
consolidation d’un sol argileux avec fluage. Les équations de cette méthode sont dérivées basées sur le concept de « temps
equivalent » pour différents états de contrainte–déformation. Cette méthode d’Hypothèse B simplifiée est ensuite utilisée pour
calculer le tassement de la consolidation d’un certain nombre de problèmes typiques de consolidation. Le rapprochement et la
vérification de cette méthode simplifiée sont examinés en comparant les tassements calculées avec les tassements calculées en
utilisant deux programmes d’analyse de consolidation par éléments finis (EF) entièrement couplés en utilisant des modèles
élastiques viscoplastiques constitutifs des méthodes (Hypothèse B) et l’Hypothèse A. On constate que les courbes calculées en
utilisant la nouvelle méthode simplifiée d’Hypothèse B avec un facteur � = 0.8 sont proches de courbes à partir de deux
simulations de modèles à EF avec des erreurs relatives dans la gamme de 0,37�8,42 % seulement pour trois couches d’argile
marine de Hong Kong (« Hong Kong marine clay (HKMC) »). Dans l’ensemble, les tassements calculées en utilisant une méthode
d’Hypothèse A sont plus petits que ceux des deux simulations d’EF avec erreur relative dans la gamme de 6,52�46,17 % pour les
trois couches de HKMC. En outre, cette nouvelle méthode d’Hypothèse B simplifiée est utilisée pour calculer la déformation
moyenne des essais de consolidation réalisés par Berre et Iversen en 1972. Les résultats calculés sont comparés avec les données
d’essai, et les valeurs d’une analyse de consolidation de la différence finie entièrement couplée en utilisant le modèle constitutif
viscoplastique élastique de Yin et Graham (Hypothèse B), et l’Hypothèse A. On constate que, encore une fois, les résultats de la
nouvelle méthode d’Hypothèse B simplifiée sont très proches des données mesurées. En conclusion, la nouvelle méthode
d’Hypothèse B simplifiée est une méthode simple appropriée, par le calcul du tassement de consolidation d’une couche unique
d’une terre argileuse avec fluage. [Traduit par la Rédaction]

Mots-clés : argile, tassement, consolidation, en fonction du temps, fluage, viscoplastique.

Introduction
It is well known that the stress–strain behaviour of clayey soils

is time-dependent due to the viscous nature of the skeleton of the
soils (Bjerrum 1967; Graham et al. 1983; Leroueil et al. 1985; Olson
1998). The physical phenomena, such as creep, relaxation, strain

rate effects, “apparent pre-consolidation pressure”, etc., are all
part of the time-dependent stress–strain behaviour. Under load-
ing, the clayey soils in a saturated condition are subjected to a
consolidation process, in which the excess pore-water pressure
dissipates with time, resulting in compression of the soils or set-
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tlement. For the design of structures, such as reclamation or foun-
dation on the clayey soils, we need to calculate the consolidation
settlement of the soils with certain accuracy.

Terzaghi (1943) first presented a theory and equations for anal-
ysis of the consolidation of soil in one-dimensional (1-D) straining
(oedometer condition). His 1-D consolidation theory was based on
eight assumptions (Terzaghi 1943; Craig 2004). The most question-
able assumption is that “there is a unique relationship, indepen-
dent of time, between void ratio and effective stress” (Craig 2004).
In fact, the relationship between void ratio and effective stress is
time-dependent and strain-rate dependent. Therefore, in reality,
Terzaghi’s 1-D consolidation theory cannot be applied to consol-
idation settlement calculation of clayey soils with creep. Many
researchers have taken efforts to propose improved methods
for calculation of consolidation settlement of clayey soils by
considering creep. These improved methods can be divided in
two types: one is based on hypothesis A (Ladd et al. 1977; Mesri and
Godlewski 1977) and the other one is based on Hypothesis B
(Gibson and Lo 1961; Barden 1965, 1969; Bjerrum 1967; Garlanger
1972; Leroueil et al. 1985; Hinchberger and Rowe 2005; Kelln et al.
2008). The assumptions used in the two methods are examined
more closely in the following paragraphs.

It shall be pointed out that the calculation of consolidation
settlement in this paper is confined to the case of 1-D straining
condition and one single soil layer with constant soil properties.
The assumptions used in the method based on Hypothesis A for
the calculation of consolidation settlement are

1. There exists a so-called “end-of-primary” (EOP) point between
“primary consolidation” period and “secondary compression”
without excess pore-water pressure (ue = 0) with the corre-
sponding time tEOP (see Fig. 1).

2. There is no creep compression during the primary consolida-
tion period; but the creep compression occurs only in the
secondary compression starting at tEOP (see Fig. 1).

3. The creep compression occurs in the secondary compression
period can be described by the “secondary consolidation coef-
ficient” C�e, which is C�e ���e/� log t, where e is void ratio and
t is the duration time of the present loading (see Fig. 1).

Based on the above assumptions, a mathematical equation of
the method based on Hypothesis. A for the calculation of the total
consolidation settlement StotalA in the field is

(1) StotalA � Sprimary � Ssecondary

� �UvSf for t � tEOP,field

UvSf �
C�e

1 � eo
log� t

tEOP,field
�H for t � tEOP,field

where Sprimary is the primary consolidation settlement at time t
and is equal to UvSf in which Uv is the average degree of consol-
idation and Sf is the final primary consolidation settlement.
In eq. (1), eo is the initial void ratio and H is the total thickness
of the soil layer. The “secondary” compression settlement is

Ssecondary �
C�e

1�eo
log� t

tEOP,field
�H and is calculated as of t > tEOP,field,

which is the time at EOP in the field condition. The tEOP,field is
dependent on the thickness of the soil layer and hydraulic perme-
ability of the soil. The two main problems in eq. (1) are as follows:

1. The separation of the primary consolidation period and sec-
ondary consolidation period is subjective and not accurate.
According to the Tergazhi’s 1-D consolidation theory, the time
corresponding to excess pore-water pressure ue = 0, that is,
Uv = 100%, is infinite, that is, tEOP,field shall be infinite. To get
around this problem, it is often assumed that the time corre-
sponding to Uv ≥ 98% is the time tEOP,field at “EOP”.

2. There is no creep when time t < tEOP,field as shown in eq. (1),
that is, no creep in the primary consolidation; however, creep
occurs right after tEOP,field as secondary compression.

In fact, under the action of the effective stress, the skeleton of a
clayey soil exhibits viscous deformation, or ongoing settlement in
1-D straining case. Even in the primary consolidation period, there
are effective stresses, which may vary significantly with time. The
rate of creep compression depends on the state of consolidation,
such as normal consolidation (NC) or overconsolidation (OC).
Therefore, due to the exclusion of creep compression in the pri-
mary consolidation period, the method based on Hypothesis A
normally underestimates the total consolidation settlement.

In a different approach, the method based on Hypothesis B does
not need these assumptions in Hypothesis A. The method based
on Hypothesis B is a coupled consolidation analysis using a proper
constitutive relationship for the time-dependent stress–strain be-
haviour of clayey soils. The time-dependent compression of the
clay skeleton, for example, creep in the primary consolidation, is
naturally included in the coupled consolidation analysis. The
equations of the method based Hypothesis B can be expressed as
follows.

Fig. 1. Curve of void ratio versus log (time) and “secondary” compression coefficient. [Colour online.]
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From the mass continuity condition, we can derive

(2)
kv

	w


2ue


z2
� �


�z


t

where kv is the vertical hydraulic conductivity (assumed to be
constant here for simplicity); ue is the excess pore-water pressure;
�z is the vertical strain (compression strain is positive here); 	w is
the unit weight of water; z is the vertical co-ordinate axis. There
are two unknowns in eq. (2), that is, ue and �z. A constitutive model
equation is needed.

Yin and Graham (1989, 1994) developed, validated, and applied
a 1-D elastic viscoplastic (1D EVP) constitutive model for the time-
dependent stress–strain behaviour of clayey soils. The 1D EVP con-
stitutive model equation is

(3) �̇z �
�
V


̇z
′


z
′ �

�
Vto

exp����z � �zo
ep�V

�� � 
̇z
′


zo
′ ��/�

where �̇z and �z are the vertical strain rate and strain; �/V together
is considered to be one parameter related to the elastic compres-
sion of the soil; 
̇z

′ and 
z
′ are the vertical effective stress rate and

effective stress, respectively; � is the creep parameter that de-
scribes the linear relationship between vertical strain and ln-
(time); V is equal to (1 + eo), called specific volume; � is defined as
�e/ln�
z

′ /
z0
′ � for elastic–plastic compression, and the slope of the

normal compression line of the soil is �/V; the three parameters
�/V, �zo

ep, 
zo
′ define a “reference time line” (Yin and Graham 1989,

1994); and the two parameters �/V and to are related to the creep
compression of the soil. The 1D EVP model in eq. (3) is an exten-
sion of the Maxwell’s linear elastic viscoplastic (EVP) model in
which a linear elastic spring is connected to a linear viscous dash
pot (Yin 2015).

For a soil layer in 1-D straining, the total stress 
z and original or
static pore-water pressure us in the soil layer are normally known.
Therefore, according to the effective stress principle and noting
the total pore-water pressure u = us + ue we have 
z

′ � 
z � u �


z � us � ue. Substituting 
z
′ � 
z � u � 
z � us � ue into eq. (3), we

have

(4)

�z


t
�

�
V

1
(
z � us � ue)


(
z � us � ue)


t

�
�

Vto
exp��(�z � �zo

ep)
V
���
z � us � ue


zo
′ ��/�

By solving eq. (2) together with eq. (4), we can obtain the
excess pore-water pressure, ue, from which we can obtain the
effective stress, 
z

′ ; the vertical strain, �z; and the total settle-

ment, StotalB � 	
o

H

�z dz.

Yin and Graham (1996) used a finite difference (FD) method to
solve eqs. (2) and (4) from Hypothesis B and obtained curves of the
settlement, strains, and excess pore-water pressure with time. They
used this approach to calculate the settlement and excess pore-water
pressure of a clay in laboratory physical model tests done by Berre
and Iversen (1972). The calculated data were compared with the mea-
sured data by Berre and Iversen (1972) and were found to be in good
agreement. They also found that the method based on Hypothesis A
underestimated the total settlement.

Nash and Ryde (2000, 2001) used the method based on Hypoth-
esis B with the constitutive equation in eq. (3) to analyze the 1-D
consolidation settlement of an embankment on soft ground with
vertical drains. They used a FD method (Yin and Graham 1996) to

solve the coupled consolidation equations. Their computed settle-
ment values were in good agreement with the observed values.

One limitation of the above rigorous Hypothesis B method is
that a numerical method is needed to solve a set of nonlinear
partial different equations and a computer program for this method
is needed. Such computer program is still not readily available to
engineers or difficult for them to use. How to develop a simple
method, which is a good approximation of the solutions from the
above rigorous method and, at the same time, is easy to use by
engineers, has been a very challenging task in past decades. The
main objective of this paper is to propose a new simplified
method based on Hypothesis B for easy spread-sheet calculation of
consolidation settlements of clayey soils with creep and the veri-
fication of this simplified method.

Main equation of a new simplified method based
on Hypothesis B for settlement calculation of a soil
layer with creep

The key point in the new simplified method based on Hypoth-
esis B (called a new simplified Hypothesis B method) is that creep
occurs in the whole consolidation period, both within and after
the primary consolidation, as shown in Fig. 1. The main equation
of the new simplified Hypothesis B method for the calculation of
the total consolidation settlement, StotalB, can be expressed as

(5) StotalB � Sprimary � Screep � UvSf � [�Screep,f � (1 � �)Ssecondary]

for all t ≥ 1 day (t ≥ tEOP,field for Ssecondary)

where � is the parameter to reasonably consider the creep com-
pression coupled with consolidation; Screep,f is the creep settle-
ment under the final effective vertical stress without excess pore-
water pressure coupling; Ssecondary is the same as that in eq. (1); and
tEOP,field is the time at Uv = 98%.

In eq. (5), a parameter � is introduced and shall be in the range
from 0 to 1, that is, 0 ≤ � ≤ 1. If � = 1, eq. (5) becomes the old Yin’s
simplified Hypothesis B method (Yin 2011). If � = 0, eq. (5) becomes
Hypothesis A method in eq. (1). The most suitable value � will be
determined by comparing the calculated settlement using eq. (5)
with settlements from coupled consolidation analysis further in
this paper. Comparing eq. (5) to eq. (1), it is seen that the creep
settlement Screep is included for the loading time t ≥ 0, that is,
creep compression occurs from the beginning.

It is noted that Screep = [�Screep,f + (1 – �)Ssecondary] in eq. (5), and
that Yin (2011) proposed a simplified method by using Screep =
Screep,f; that is, the case � = 1 in eq. (5). It is found that the total
consolidation settlement using Screep = Screep,f is overestimated.
For example, as shown in Fig. 2, if the initial effective stress–strain
state is at point 1 and the final effective stress–strain state is at
point 4, Screep,f is calculated to be the creep under the final effec-
tive stress 
z4

′ . This path from point 1 to point 3 to point 4 is
assumed to be an instant loading path without excess pore-water
pressure coupling. This path may be correct for the soil at the
drainage boundary. However, the effective stress–strain paths in-
side the clay away from the drainage boundary will be delayed as
shown in Fig. 2. This is why the use of Screep = Screep,f with � = 1 in
eq. (5) will overestimate the creep settlement. It is also noted that
when � = 0, Screep = Ssecondary, which is calculated for t ≥ tEOP,field.
This approach is based on Hypothesis A, which underestimates
the settlement as explained before because of ignoring creep in
the primary consolidation period. The new simplified Hypothe-
sis B method in eq. (5) with a suitable value of � takes a more
accurate approach to calculating the creep settlement during and
after primary consolidation. It is found later in this paper that if
� = 0.8, the settlements calculated using this new simplified hy-
pothesis B method are closer to the settlements from the fully
coupled consolidation modelling.
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The Sf in eq. (5) is normally calculated using the “swelling”
index, Ce; that is, unloading–reloading (or the OC compression)
slope and compression index, Cc, using the compression data
from oedometer tests. It shall be noted that the compression of a
clayey soil is time-dependent. The selection of the compression
data at different times will result in different compression curves.
For example, referring to Fig. 1 under a certain vertical stress, the
compression can be selected as the value at the EOP consolidation
in the laboratory (tEOP,lab) (tEOP,lab is normally a few minutes) or
the time at 24 h (t24). If we plot the compressions and correspond-
ing stresses for the two durations of tEOP,lab and t24, we have the
two curves as shown in Fig. 3. It is noted that the curve using data
at tEOP,lab is normally above the curve using data at t24. The two
slopes in the NC section given by the compression index Cc at
tEOP,lab and Cc at t24 are about the same. In the OC range, the slope
is given by Ce, which is considered to be the same for the two
durations (tEOP,lab and t24). It is also noted that the curve in unload-
ing or reloading is normally a loop, but, is normally simplified as
a straight line with the same slope as Ce as in the OC range. The
only difference of the two curves in Fig. 3 is the points of the
pre-consolidation stress and strain; that is, the point �
zp

′ , �zp� at
tEOP,lab shall be higher than �
zp

′ , �zp� at t24.
An oedometer test is normally done on the same specimen in

oedometer in multi-stages. According to British standard 1377 (BSI
1990), the duration for each load shall normally last for 24 h. In
this paper, we consider the indexes Ce, Cc, and �
zp

′ , �zp� are all
determined from the standard oedometer test with duration of
24 h (1 day) for each load. The idealized relationship between the
vertical strain and the log(effective stress) is shown in Fig. 2 with
loading, unloading, and reloading states. Based on Fig. 2, the final
settlements Sf in eq. (5) for two cases are calculated as follows:

(6a)

Point 1 to point 2:

Sf � ��z,1–2H �
Ce

1 � eo
log�
z2

′


z1
′ �H

The ��z,1–2 is the vertical strain increase due to stress increases
from 
z1

′ to 
z2
′ . Similar strain increase symbols are used in the

following equations.

(6b)

Point 1 to point 4:

Sf � ��z,1–4H � 
 Ce

1 � eo
log�
zp

′


z1
′ � �

Cc

1 � eo
log�
z4

′


zp
′ ��H

where 
zp
′ is the pre-consolidation stress.

The key part in eq. (5) is how to calculate the creep settlement
Screep,f at the final effective stress state. Other researchers such as
Mesri and Godlewski (1977) and Mesri and Choi (1984) used the
ratio of C�e/Cc to obtain the secondary compression coefficient
first and used it to calculate the secondary consolidation settle-
ment. It is noted that the ratio of C�e/Cc varies with OC ratio (OCR).
Therefore, it is difficult to use this ratio to obtain the C�e for
various stress–strain state. They only started calculating creep
strains after primary consolidation at EOP.

In this paper, the authors use only two parameters for creep
compression in the NC condition, for the calculation of the creep
settlement Screep,f under any loading condition, including OC, un-
loading, and reloading conditions. The theoretical base of this
method relies on the “equivalent time” concept (Bjerrum 1967;
Yin and Graham 1989, 1994).

Figure 4 illustrates curved “time lines” in the coordinates of
vertical effective stress and void ratio from 1-D straining oedom-
eter tests (Bjerrum 1967). These parallel “time limes” also repre-
sent lines of constant plastic strain rate. Others, for example Kelln
et al. (2008) have developed an EVP model that emphasizes strain
rates and otherwise is very compatible with the model by Yin and
Graham (1989) and Yin (2015). Yin and Graham (1989, 1994) and Yin
(2015) explained that these time lines can be interoperated as
equivalent time lines. The word of “equivalent” here means that
the creep strain rate at a certain stress–strain state, which is
reached under any loading path, is equal to the creep strain rate at

Fig. 2. Relationship of void ratio (or strain) and log(effective stress) with different consolidation states. [Colour online.]
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the same point, which is reached from a normal 1-D creep test
loading path with the creep duration time t from a reference time
line. The time t here is considered to be the equivalent time te with
t = te. Referring to Fig. 4, we can run a normal 1-D creep test under
a constant vertical stress from point A to point B (path 1: A–B). It is
well known that the creep strain rate decreases with time in this
case. At point B, there is still creep strain rate, say, �̇zB�Path1�. In
another approach as shown in Fig. 4, we can increase the vertical
stress from point A to point C, and unload to point B and then run
creep test (path 2: point A–C–B). Under this loading path, we have
creep strain rate �̇zB�Path2�. We have �̇zB�Path1� � �̇zB�Path2�. This means
that the creep rate at point B is dependent on the stress–strain (or
void ratio) state, not on the loading path (Yin 2015).

For the creep compression in Fig. 1, the authors suggest using
the following function to fit:

(7) e � e0 � C�elog
to � te

to

where the parameter C�e is newly defined in eq. (7), called creep coeffi-
cient, and to is another independent creep parameter with unit of time.
It is noted that eq. (7) has a definition when time te = 0. The C�e in eq. (7)
is similar to the secondary consolidation coefficient C�e as shown in
Fig. 1 and in eq. (1). Why the authors use the same symbol C�e as that in
eq. (1) is not to introduce a new symbol to make the new method diffi-

Fig. 3. Relationship of void ratio and log(effective stress) from compressions at tEOP,lab and t24. [Colour online.]

Fig. 4. Relationship of void ratio and vertical effective stress in log-scale, time lines, loading paths, and creep rate. [Colour online.]
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cult to be used by practicing engineers. In fact, the value of the newly
defined C�e is nearly equal to the value of the old C�e.

If Cc and Ce are determined from the compression with time
24 h of duration, the authors propose to = 24 h = 1 day. If Cc and Ce

are determined from the compression at the end of primary con-
solidation in the laboratory with time tEOP,lab, then, the authors
propose to = tEOP,lab. The choice of time to and value of C�e here
does not make a significant difference to calculated creep strains.

The variable te in eq. (7) is the equivalent time as explained
before. Equation (7) is valid when time te = 0, which is needed to
consider creep occurring from the beginning of the loading. How-
ever, in the old definition of C�e in Fig. 1, eq. (1) is not valid when
the time is or near to zero.

According to the equivalent time concept (Yin and Graham
1989, 1994), the total strain �z at any stress–strain state in Fig. 4 can
be calculated by the following equation:

(8) �z � �zp �
Cc

V
log


z
′


zp
′ �

C�e

V
log

to � te

to

where �zp �
Cc

V
log


z
′


zp
′ is the strain on the NC line (NCL) under stress


z
′ and

C�e

V
log

to�te

to
is the creep strain occurring from the NCL

under the same stress 
z
′ . The above equation is valid for any 1-D

loading path.

Derivation of specific equations of the simplified
method based on Hypothesis B for different
stress–strain states

With eqs. (5), (6), (7), and (8) and the equivalent time concept,
the authors derive the following specific equations for the calcu-
lation of the creep settlement Screep,f and the total consolidation
settlement StotalB for different 1-D stress–strain states.

Final stress–strain point in a NC state
Referring to Fig. 2, we assume the vertical stress is increased

from the initial point 1 to point 4, which is on the NCL. The total
consolidation settlement StotalB is calculated by

(9a) StotalB � Sprimary � Screep � UvSf � [�Screep,f � (1 � �)Ssecondary]

for all t ≥ 1 day (t ≥ tEOP,field for Ssecondary)

where

(9b) Screep,f �
C�e

1 � eo
log�to � te

to
�H

where H is the thickness of the soil layer. In this case, the equiva-
lent time te = t – to, where t is duration time of the current total
vertical stress. Why te = t – to is explained as follows.

Assume there is no pore-water pressure coupling, this means
Uv = 1. From eqs. (9) and (6b), we have

(10a) StotalB � Sprimary � Screep �
Ce

1 � eo
log


zp
′


z1
′ H

�
Cc

1 � eo
log


z4
′


zp
′ H � Screep

It is noted that Screep � �
C�e

1 � e0
log�to � te

to
�H � �1 � ��

C�e

1 � e0

log� t
tEOP,field

�H. Noting to = 1 day (24 h), and te = t – to = t – 1 (day),

tEOP,field = 1 (day) because the compression index in Fig. 2 is deter-
mined at 1 day. Therefore, at time t = 1 (day), the creep settlement is

Screep � �
C�e

1 � e0
log�1

1�H � (1 � �)
C�e

1 � e0
log�1

1�H � 0

If t = 1 day, eq. (10a) becomes

(10b) StotalB �
Ce

1 � eo
log


zp
′


z1
′ H �

Cc

1 � eo
log


z4
′


zp
′ H � ��z,1–4H

It is seen from eq. (10b) that when time t = 1 day, the stress–strain
state point is at point 4 on NCL. As explained before, the line NCL
has duration of 1 day (or 24 h) from a standard oedometer test.

It should be pointed out that in eq. (9), the settlement due to
dissipation of excess pore-water pressure represented by Uv is
decoupled from the creep compression of the soil skeleton. This is
why the present method is called a simplified one, compared to
the fully coupled method in the section titled “Verification of the
new simplified Hypothesis B method by comparing calculated
values with test data and results from a fully coupled consolida-
tion analysis”.

Final stress–strain point in an OC state
In this section, equations are derived for calculation of the total

consolidation settlement StotalB when the final loading stress–
strain point is in an OC state after an additional vertical stress is
applied. For example, point 2, point 5, and point 6 in Fig. 2 are all
in an OC state. Firstly, we derive an equation for calculating the
creep strain (or settlement) for a stress–strain point in an OC state.
We use point 6 as an example for this purpose.

According to the definition of equivalent time (Yin and Graham
1989, 1994), the creep strain rate at the present point 2, no matter
how this point is reached in a real situation, can be considered to
reach point 2 from point 2= on the extension of the NCL by creep
with an equivalent time value te2. According to eq. (8), the strain at
point 2 �z2 can be calculated as

(11a) �z2 � �zp �
Cc

V
log


z2
′


zp
′ �

C�e

V
log

to � te2

to

From the above, we have

log
to � te2

to
� (�z2 � �zp)

V

C�e

�
Cc

C�e

log

z2

′


zp
′

�
to � te2

to
� 10(�z2��zp)(V/C�e)�log�
z2

′ /
zp
′ �Cc/C�e

� 10(�z2��zp)(V/C�e)�
z2
′


zp
′ ��

Cc

C�e

From which we obtain

(11b) te2 � to10
(�z2��zp)(V/C�e)�
z2

′


zp
′ ��

Cc

C�e � to

It is seen from eq. (11b) that the equivalent time te2 at point 2 is
uniquely related to the stress–strain point �
z2

′ , �z2�.
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If we assume reloading from point 1 to point 2, the correspond-
ing consolidation settlement can be calculated as

(12) StotalB � Sprimary � Screep � UvSf � [�Screep,f � (1 � �)Ssecondary]

� UvSf � �
C�e

1 � e0
log� to � te

to � te2
�H � (1 � �)Ssecondary

for all t ≥ 1 day (t ≥ tEOP,field for Ssecondary)

in which Sf can be calculated using eq. (6a). te in eq. (12) is the total
equivalent time value for creeping from point 2= to point 2 and
further downward.

The final creep settlement in eq. (12) is

(13) Screep,f �
C�e

1 � e0
log� to � te

to � te2
�H

that can be written

(14a) Screep,f � 
 C�e

1 � e0
log�to � te

to
� �

C�e

1 � e0
log�to � te2

to
��H

� ��zcreepH

(14b) ��zcreep �
C�e

1 � e0
log�to � te

to
� �

C�e

1 � e0
log�to � te2

to
�

Referring to Fig. 2, it is seen that
C�e

1 � e0
log�to � te2

to
� is the strain

from point 2= to point 2; while
C�e

1 � e0
log�to�te

to
� is the strain from

point 2= to point 2 and further downward. The increased strain for
further creep done from point 2 is ��zcreep, which is what we want
to use to calculate creep settlement under loading at point 2. It is
noted that the relationship between te and the creep duration
time t under the stress 
z2

′ is

(15) te � te2 � t � to

Substituting eq. (15) into eq. (13), we have

(16) Screep,f �
C�e

1 � e0
log� t � te

to � te2
�H

Therefore, the final total consolidation settlement is

(17) StotalB � Sprimary � Screep � UvSf � 
�
C�e

1 � e0
log� t � te2

to � te2
�H

� (1 � �)Ssecondary� for all t ≥ 1 day (t ≥ tEOP,field for Ssecondary)

Why is te calculated using eq. (14)? The explanation is similar to
that in eq. (10).

If we consider the unloading from point 4 to point 6 in Fig. 2,
using the same approach as for the loading from point 1 to point 2,
we can derive the following equations:

(18) te6 � to10(�z6��zp)(V/C�e)�
z6
′


zp
′ ��

Cc

C�e � to

The total consolidation settlement for unloading from point 4
to point 6 is

(19) StotalB � Sprimary � Screep � UvSf � 
�
C�e

1 � e0
log� t � te6

to � te6
�H

� (1 � �)Ssecondary� for all t ≥ 1 day (t ≥ tEOP,field for Ssecondary)

The following sections present the application and verification of the
above equations of the new simplified Hypothesis B method.

Fig. 5. Three layers (free drainage in the top and impermeable in
the bottom) of Hong Kong marine clay (HKMC) for consolidation
analyses with thicknesses of (a, d) 2 m, (b, e) 4 m, and (c, f) 8 m: (a–c)
models used for Consol analysis and (d–f) models used for Plaxis
analysis. [Colour online.]
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Application and verification of the simplified
method for consolidation settlement calculation of
three Hong Kong marine clay (HKMC) layers with
different overconsolidation ratio (OCR) values

Hong Kong marine clays (HKMCs) in the seabed of Hong Kong
waters are problematic soils for construction of infrastructures
and houses on reclamations on HKMCs in Hong Kong. For the
existing two runways of Hong Kong International Airport (HKIA)
on Lantau Island, all marine clays in the seabed under the
runways were dredged, moved, and dumped at another seabed
location. HKIA is planning to construct a third runway. For envi-
ronment and political concerns, all marine deposits, including
HKMC, cannot be removed and must be kept or improved in situ.
In this case, the settlement, especially the post-construction set-
tlement will be a bigger concern to safe operation of the third
runway. In fact, the current construction of artificial islands on
the seabed of Hong Kong as part of Hong Kong–Zhuhai–Macau
Link project (29.6 km in length) will also face the problem of
possible large settlements in the future.

In this section, authors select three idealized layers of HKMC
(Fig. 5) to apply the new simplified method with constant values of
soil parameters to calculate the consolidation settlement up to
50 years for two layers with 1 and 4 m thickness and 100 years for
an 8 m layer. At the same time, two finite element (FE) programs
using EVP models are also used to analyze the same layers and
results are used to evaluate the accuracy of the simplified method.

Koutsoftas et al. (1987) reported findings from site investigation at
an offshore field test site in Hong Kong related to construction of the
existing two runways of HKIA. They found that, at this site, there
were an “upper marine clay” layer in the top of the seabed (thickness
from 2 to 8 m), underlain by an “upper alluvium” layer (thickness from
3 to 8 m), followed by a “lower marine clay” layer (thickness from 5 to
10 m), and a “lower alluvium” layer (thickness from 6 to 8 m) in the
seabed. Handfelt et al. (1987) reported the monitoring data of a test
fill at this site. Zhu et al. (2001) developed and used a FE program with
Yin and Graham’s 1D EVP model (Yin and Graham 1989, 1994) to
analyze the consolidation settlement and excess pore-water dissi-
pation of the soils underneath the test fill.

In this section, authors select the upper marine clay layer
(called HKMC herein) for consolidation analysis with values of soil
parameters from papers by Koutsoftas et al. (1987) and Zhu et al.
(2001). To better interpolate the creep settlement, different OCR
values (OCR = 1, 1.5, 2) are adopted in the calculation and simula-

tion. Two FE programs are used for fully coupled consolidation
analysis of the HKMC layers: one is Consol software developed by
Zhu and Yin (1999, 2000), and the other one is Plaxis software (2D
2015 version). In the analysis, the 1D EVP model (Yin and Graham
1989, 1994) implemented in software Consol and a soft soil creep
model in Plaxis software (2D 2015 version) are adopted in the FE
simulations. The 1D EVP model was applied by Zhu and Yin (1999,
2000, 2001) for consolidation analysis. For a description of the soft
soil creep model irefer to Vermeer and Neher (1999) and Plaxis
user’s manual (2015 version). This soft soil model has been widely
used in consolidation simulations by Degago et al. (2011) and Nash
and Brown (2015).

The three layers of HKMC for calculation and simulation are
shown in Fig. 5. In Fig. 5, the top three FE models (Figs. 5a–5c) are
used for Consol analysis and the bottom three FE models (Figs. 5d–
5f) for Plaxis analysis. The bottom of all layers is considered im-
permeable and the top of all layers is free to drain. The initial OCR
value in the FE simulation is input easily in a menu in Plaxis; while
this OCR value is calculated by giving the pre-consolidation pres-
sure with depth in Consol software (Zhu et al. 2001). Values of all
parameters used in FE consolidation simulation are listed in
Table 1. In all FE simulations, a vertical stress of 20 kPa is assumed
to be instantly applied on the top surface and kept constant for a
period of 18 250 days (50 years) for two layers of 2 and 4 m thick-
ness and 36 500 days (100 years) for the 8 m layer. The material
properties reflect HKMC, but the thicknesses and boundary con-
ditions do not.

Table 1. Values of parameters for upper marine clay of Hong Kong.

(a) Values of basic property

V = 1 + eo 	clay (kN/m3) OCR wi (%)

3.65 15 1, 1.5, 2 100

(b) Values of parameters used in Consol software

�/V �/V �/V to (day) kv (m/day) 
z0
′ (kPa)

0.01086 0.174 0.0076 1 1.90×10−4 1

(c) Values of parameters used in PLAXIS

�* �* �* to (day) kv (m/day) OCR c= (kPa) �= (°)

0.02172 0.174 0.0076 1 1.90×10−4 1, 1.5, 2 0.1 30

(d) Values of parameters used in the new simplified Hypothesis B method

Ce (= �/ln(10)) Cc (= �/ln(10)) C�e (= �/ln(10)) V to (day) kv (m/day)

0.0913 1.4624 0.0639 3.65 1 1.90×10−4

Note: 
z0,i
′ , value of effective vertical stress when vertical strain of treference time line is zero (�z0 = 0) (further details can be found in Zhu and Yin (2000)); �*,

modified swelling index (≈ 2Ce/[2.3(1 + e0)]); �*, modified compression index (= Cc/[2.3(1 + e0)]); �*, modified creep index (= C�e/[2.3(1 + e0)]); c=, effective cohesion; �=,
effective friction angle.

Table 2. Summary of main values used in the simplified Hypothesis B
method.

Thickness
(m)

t
(year) OCR �zp sf (m)

mv

(kPa−1)
cv

(m2/day)

2 50 1 0 0.625 0.0156 0.00124
1.5 0.0044 0.493 0.0123 0.00157
2 0.0075 0.399 0.0100 0.00194

4 50 1 0 0.918 0.0115 0.00169
1.5 0.0044 0.653 0.0082 0.00237
2 0.0075 0.465 0.0058 0.00333

8 100 1 0 1.271 0.0079 0.00244
1.5 0.0044 0.742* 0.0046 0.00418
2 0.0075 0.487* 0.0030 0.00636

*Final stress states of some divided sublayers are in the overconsolidation
state.
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Approach used in the simplified method for consolidation
settlement calculation of a 2 m thick layer

For the simplified method calculation, referring to Fig. 2, the
initial and final stress–strain states in this 2 m thick layer must be
correctly determined. Assuming the initial strain is zero under
the initial stress state, while the initial effective stress state and
pre-consolidation stress are different at different depths and dif-
ferent OCR values. If the thickness of a soil layer is less than 1 m,
we can assume the initial effective stress and pre-consolidation
stress to be constant with negligible error. However for a thick
layer, it is necessary to consider such variations. The total layer
thickness in this case is 2 m. We divide this layer into four soil
sublayers with 0.5 m thickness for calculation of consolidation
settlement to obtain sufficiently accurate results.

Firstly, the initial effective stress state is determined from the
saturated unit weight of the HKMC at the mid-depth of each sub-
layer, considering the water unit weight as 9.81 kN/m3. Based on
the initial effective stress state, the pre-consolidation stress and
final effective stress state at the center of each part can be calcu-
lated from eq. (20)

(20)


z0,i
′ � (	clay � 	w)zi


zf,i
′ � 
z0,i

′ � �
z
′


zf,i
′ � OCR
z0,i

′

where 	clay is unit weight of clay, zi is the mid-depth location of
each sublayer i, �
z

′ is the stress increment, taken as 20 kPa in this
calculation, 
z0,i

′ , 
zf,i
′ , and 
zp,i

′ are the initial effective stress states,
final effective stress states, and pre-consolidation stresses for dif-
ferent depths soil sublayers, respectively. Referring to Fig. 2, the
initial effective stress state is schematically at point 1 for OCR = 1.5
or 2; while the initial effective stress state is at point 3 for OCR = 1
(a NC case).

Secondly, in this case, after the stress increase of 20 kPa, final
effective is always larger than pre-consolidation stress for each
sublayer, which indicates that the final stress–strain state is in a
NC state, that is, at point 4 (
z4

′ , �z4) as shown in Fig. 2. As a result,
eq. (6b) is adopted to determine the primary consolidation final
settlement Sf,i for each sublayer i of 0.5 m thickness for OCR =
1.5 or 2, and eq. (6b) is used in the case of OCR = 1. By summing
“primary consolidation” final settlements of all sublayers, the
average values of “coefficient of volume compressibility”, mv,
and the “coefficient of consolidation”, cv, can be obtained from
eq. (21)

(21)

Sf � �
i�1

n

Sf,i

mv �
1
H

Sf

�
z
′

cv �
kv

mv	w

where H is the thickness of the whole soil layer. Average values
of Sf, mv, and cv for different OCR values of the whole soil layer
are listed in Table 2. It is noted that coefficient of volume
compressibility, mvi, and the coefficient of consolidation, cvi,
are different for different sublayers. Thirdly, the time factor,
Tv, and the average degree of consolidation, Uv, can be calcu-
lated by substituting the value of cv into following equations:

(22) Uv � 
4Tv

�
for Uv ≤ 0.6

Uv � 1 � 10�[(Tv�0.085)/0.933] for Uv � 0.6

where Tv � cvt/d
2 and d is the length of the longest drainage path.

When top of the soil layer is drainage and the bottom is imper-
meable, d = H, while both top and bottom of the soil layer are
drainage, d = H/2. In this case, d = 2 m is adopted for the boundary
condition mentioned above. Lastly, the creep compression is cal-
culated by adopting eqs. (9a) and (9b) as the final effective stress–
strain state is in a NC state for all three OCR values.

To compare all methods for the creep settlement calculations,
hypothesis A method is also used to calculate the curve of settle-
ment and log(time) in both primary consolidation and the second-
ary consolidation period using eq. (1).

Approach used in the simplified method for consolidation
settlement calculation of a 4 m thick layer

All the procedures and steps used in the 2 m thick layer case are
adopted for consolidation settlement calculation of a 4 m thick
layer case here. The final effective stress–strain state in all sublay-
ers of the 4 m thick later is in a NC state for all three OCR values.
Values of the final settlement of “primary consolidation” Sf, the
average values of “coefficient of volume compressibility”, mv, and
“coefficient of consolidation”, cv, of the whole layer are obtained
and listed in Table 2.

Approach used in the simplified method for consolidation
settlement calculation of an 8 m thick layer

Following the same procedures used in the 2 m layer case, the
initial effective stress state, final effective stress state, and pre-
consolidation stress for each sublayer (0.5 m) of an 8 m thick layer
are determined. It is found that all the final effective stress states
are in the NC state for OCR = 1, which means all calculations are
similar to 4 m thick layer. However, it is found that some sublay-
ers of the soil are still in an OC state for OCR = 1.5 or 2 after the
stress increment of 20 kPa. As a result, the total consolidation
settlement for the final stress–strain state in the OC state should
be considered in this section.

Take OCR = 2 as an example, the final stress–strain state after
the 20 kPa is in the NC state for each part of the top 4 m while OC
state for the bottom 4 m, corresponding to point 2 (
z2

′ , �z2) in
Fig. 2. The primary consolidation final settlement Sf,i of each part
is calculated from eq. (6b) for each sublayer of the soil in a NC
state; eq. (6a) for each sublayer of the soil in an OC state. Values of

Table 3. Values of “equivalent time” te2 for all sublayers of 8 m layer with OCR = 2.

No.
Depth at middle
of each sublayer (m) 
z0,i

′ (kPa) 
zp,i
′ (kPa) 
zf,i

′ (kPa) �zp �zf,i te2

1–8 0.25�3.75 1.3�19.46 2.6�38.93 21.3�39.5 0.0075 — 0
9 4.25 22.06 44.12 42.06 0.0075 0.00701 1.79
10 4.75 24.65 49.31 44.65 0.0075 0.00645 7.39
11 5.25 27.25 54.50 47.25 0.0075 0.00598 20.40
12 5.75 29.84 59.69 49.84 0.0075 0.00557 46.87
13 6.25 32.44 64.88 52.44 0.0075 0.00522 95.43
14 6.75 35.03 70.07 55.03 0.0075 0.00491 177.39
15 7.25 37.63 75.26 57.62 0.0075 0.00463 306.61
16 7.75 40.22 80.45 60.22 0.0075 0.00438 499.17
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Sf, mv, and cv, of the whole layer can be calculated from eq. (21) and
listed in Table 2. Then, values of Tv and Uv are calculated using
eq. (22). To obtain the creep compression with eq. (13) for the final
effective stress state in an OC state, the equivalent time te2 should
be correctly calculated for each sublayer using eq. (11b). All values
of equivalent time te2 use eq. (11b) and are listed in Table 3.

Comparison and discussion of results from the old and new
simplified Hypothesis B methods, Hypothesis A method,
and FE simulations

Settlements calculated using the old simplified Hypothesis B
method, StotalB-old (Yin 2011); Hypothesis A method, StotalA; two FE

simulations (Consol and Plaxis); and the new simplified Hypothesis B
method, StotalB-new, for all three soil layers (2, 4, and 8 m) mentioned
above are examined in this section. It is noted that for each soil layer,
we consider three OCRs of 1, 1.5, and 2. Figure 6 shows comparison
of settlement–log(time) curves from the old simplified hypothe-
sis B method (� = 1), Hypothesis A method (� = 0), two FE models
(Consol simulation and Plaxis simulation), and the new simplified
Hypothesis B method (� = 0.8) for OCR = 1, 1.5, and 2. It is found
that the Plaxis simulation results with the soft soil creep model
are in good consistence and agreement with results from Consol
analysis using the 1D EVP model (Yin and Graham 1989, 1994). The

Fig. 6. Comparison of settlement–log(time) curves from the old simplified Hypothesis B method, Hypothesis A method, two finite element
(FE) models, and the new simplified Hypothesis B method for 2 m thick layer: (a) OCR = 1, (b) OCR = 1.5, and (c) OCR = 2. [Colour online.]
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FE models are for fully coupled consolidation analysis of soils with
creep and shall be credible as the rigorous Hypothesis B method.

Comparing with the FE results in Fig. 6, Hypothesis A method (� = 0)
underestimates the total settlement; while the old simplified Hypothe-
sis B method (� = 1) (Yin 2011) overestimates the total settlement. In
overall, the settlement curves calculated using the new simplified Hy-
pothesis B method (� = 0.8) is much closer to curves computed using
Plaxis (2015 version) and Consol (Zhu and Yin 1999, 2000) when com-
pared to other two methods.

Based on the comparison of curves in Fig. 6 for three OCR values, it
is observed that the curves from the old simplified method (� = 1) are
always below the curves from Plaxis and Consol simulations. The

reason for the overestimation of the settlement is that the creep part
in eq. (9b) in the old simplified Hypothesis B method is directly cal-
culated based on the final effective stress–strain state, ignoring the
time needed to arrive at this final effective stress state during con-
solidation (see Fig. 2). The old simplified Hypothesis B method may
be valid for a very thin soil layer, say less than 0.1 m; while thicker
soil layers need more time to arrive at the final effective stress–
strain state, especially when hydraulic conductivity is low. The
soil layer thickness in Fig. 6 is 2 m with bottom impermeable
and the time tEOP at 98% of consolidation is 4840 days for OCR
equal to 1. This is why the old simplified Hypothesis B method
overpredicts the creep compression. To overcome this limita-

Fig. 7. Comparison of settlement–log(time) curves from the old simplified Hypothesis B method, Hypothesis A method, two FE models, and
the new simplified Hypothesis B method for 4 m thick layer: (a) OCR = 1, (b) OCR = 1.5, and (c) OCR = 2. [Colour online.]
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tion, the authors have tried different values of � in eq. (5) or (9).
It is found that the value of 0.8 for � results in calculated curves
that are in the best overall agreement with curves from Plaxis
and Consol, not only for the layer thickness of 2 m, but also for
4 and 8 m cases (see Figs. 6, 7, and 8).

The authors have calculated relative errors of the old simplified
Hypothesis B method, the new simplified Hypothesis B method,
and Hypothesis A method for the final settlements at 50 years for
2 and 4 m layers by comparing with the settlements from Plaxis
simulation. For example, the relative error for the new simplified
hypothesis B method is defined as

Relative error � �StotalB,�new � SFE,Plaxis

SFE,Plaxis � �%�

where StotalB–new is the total settlement calculated using the new
simplified hypothesis B at 50 years for 2 and 4 m thick layers (or
100 years for 8 m thick layer) of HKMC; SFE,Plaxis is the settlement
from Plaxis at the same time for the same layer.

All values of the relative errors are listed in Table 4. It is found
that the relative errors of Hypothesis A method are in the range
6.52%�17.86% with underestimation of the settlements. The rela-

Fig. 8. Comparison of settlement–log(time) curves from the old simplified Hypothesis B method, Hypothesis A method, two FE models, and
the new simplified Hypothesis B method for 8 m thick layer: (a) OCR = 1, (b) OCR = 1.5, and (c) OCR = 2. [Colour online.]
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tive errors of the old simplified Hypothesis B method are in the
range 5.71%�12.16% with overestimation of the settlements. The
relative errors of the new simplified Hypothesis B method are
generally in the range 0.99%�8.42% with settlements closer to
those from the two FE simulations.

Figure 7 presents the comparisons of curves calculated using
the old simplified Hypothesis B method, Hypothesis A method,
two FE models, and the new simplified Hypothesis B method for a
soil layer with 4 m thick. Again, Hypothesis A method underesti-
mates the total settlement during the whole stage. The curves
from the new simplified Hypothesis B method are much closer to
the curves from two FE simulations. Values of the relative errors
are also listed in Table 4.

Figure 8 shows the comparisons of calculated curves using the old
simplified Hypothesis B method, Hypothesis A method, two FE mod-
els, and the new simplified Hypothesis B method for an 8 m thick soil
layer. Again, the curves from the new simplified Hypothesis B
method are much closer to the curves from two FE simulations
compared with other two methods. Values of the relative error are
also listed in Table 4.

This paper has been built on the idea of equivalent times pro-
posed originally in Yin and Graham (1989, 1994). It assumes that
viscous behaviour is a fundamental property of clays. More re-
cently, Kelln et al. (2008) have expressed very similar ideas in
terms of strain rates.

Verification of the new simplified Hypothesis B
method by comparing calculated values with test
data and results from a fully coupled consolidation
analysis

Berre and Iversen (1972) presented a laboratory physical model-
ing study on the consolidation behaviour of a natural post-glacial
marine clay from Drammen exhibiting creep. Yin and Graham
(1996) applied the 1D EVP model in eq. (3) in the fully coupled
consolidation analysis in eq. (2) of all consolidation tests by Berre
and Iversen (1972). The consolidation problem was solved using a
FD method. The calculated results were compared with the mea-
sured data and were found in good agreement (Yin and Graham
1996). In this section, we use the old simplified Hypothesis B
method and the new simplified hypothesis B method to calculate
the curves of average strain (�S/H0) versus log(time) with a com-
parison with the test data and curves from the fully coupled con-
solidation analysis computed by Yin and Graham (1996) using a FD
method (denoted as FD EVP model), and where �S is the settle-
ment increment under increment 5 and H0 is the initial thickness
of the soil layers in test 6 and test H4 in the original paper. Basic
parameters used in the simplified methods are listed in Table 5.
Values of initial stress, initial strain, and time duration for two
tests at increment 5 are listed in Table 6.

As the tests consisted of multi-staged loading with various time
durations, the stress–strain state should be correctly determined
before the simplified method is used. In addition, it is important

to determine the pre-consolidation pressure 
zp
′ . As both point

(
z0
′ , �z0) and point 3 (
zp

′ , �zp) are on the reference time line, as
shown in Fig. 2, we shall have

(23) �zp � �z0 �
Cc

V
log�
zp

′


z0
′ �

Referring to Fig. 2, if we assume the known initial effective stress–
strain state is point 1 (
z1

′ , �z1) on the OC line, there should be a relation-
ship with the pre-consolidation pressure, point 3 (
zp

′ , �zp), as follows:

(24) �zp � �z1 �
Ce

V
log�
zp

′


z1
′ �

Combining eqs. (23) and (24)

log
zp
′ � 
(�z1 � �z0) � �Cc

V
log
z0

′ �
Ce

V
log
z1

′ �� V
Cc � Ce

(25) 
zp
′ � 10�(�z1��z0)��(Cc/V) log
z0

′ �(Ce/V) log
z1
′ ��[V/(Cc�Ce)]

With eq. (25), the pre-consolidation pressure, 
zp
′ , can be calcu-

lated; values of 
zp
′ are listed in Table 6. After the increment stress,

the final effective stresses in two tests are corresponding to point 4.
The calculation steps are similar to those in the previous sections.
Values of the corresponding incremental final strain for primary
consolidation, the average values of mv, and cv, of the whole layer are
also determined and listed in Table 6. Figure 9 shows a compar-
ison of curves from tests, an FD EVP model, the old simplified
Hypothesis B method, Hypothesis A method, the new simplified
Hypothesis B method for test 6 and test H4 at increment 5.

Similar to those comparisons with curves from two FE simula-
tions in Figs. 6, 7, and 8, it is found that the Hypothesis A method
largely underestimates the average strain (�S/H0), for test 6 and
test H4. And curves from the old simplified Hypothesis B method
agree well with the measured data for test 6; while quite below the
test data for H4. It is noted that the soil specimen of test H4 had
thickness of 0.45 m; while the specimen thickness of test 6 was
only 0.0757 m.

When the correction factor � of 0.8 is applied, as shown in
Fig. 9, the curves from the new simplified Hypothesis B method

Table 4. Settlements and relative error values for Hypothesis A method, the old and new simplified Hypothesis B
methods for three Hong Kong marine clay (HKMC) layers.

Case: layer
thickness; duration OCR

SFE Plaxis FE
result (m)

StotalA

(m)
StotalB–old

(m)
StotalB–new

(m)
StotalA

error (%)
StotalB–old

error (%)
StotalB–new

error (%)

2 m; 50 years 1 0.690 0.645 0.774 0.748 6.52 12.16 8.42
1.5 0.593 0.516 0.642 0.616 12.91 8.22 4.00
2 0.518 0.426 0.548 0.523 17.86 5.71 0.99

4 m; 50 years 1 1.098 0.919 1.209 1.151 16.34 10.13 4.83
1.5 0.882 0.670 0.951 0.894 24.01 7.78 1.42
2 0.721 0.493 0.763 0.709 31.60 5.83 1.65

8 m; 100 years 1 1.742 1.238 1.877 1.748 28.95 7.70 0.37
1.5 1.286 0.768 1.379 1.257 40.24 7.24 2.26
2 0.955 0.514 1.005 0.907 46.17 5.26 5.02

Table 5. Values of parameters used in the simplified Hypothesis B
method based on data from Berre and Iversen (1972).

Ce

(= �/ln(10))
Cc

(= �/ln(10))
C�e

(= �/ln(10)) V
t0

(min)

z0

′

(kPa)
kv

(m/min)

0.0236 0.9313 0.0413 2.56 40 79.2 3.0×10−6
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are much closer to the test data. Values of the relative errors are
listed in Table 7. The relative error here is defined as the absolute
difference between the calculated value and the measured data at
the end of the test over the measured data. Again, the relative
errors of the new simplified Hypothesis B method are the lowest
among all three simple methods.

With the verification of the new simplified Hypothesis B
method by using test data from Berre and Iversen (1972), it is
confirmed that the new simplified Hypothesis B method is more
accurate than Hypothesis A method and the old simplified
Hypothesis B method, and can be applied in reality to predict the

1-D consolidation settlement of a single layer of soil with creep
with good accuracy.

Conclusions
Based on the equivalent time concept, a new simplified Hypothesis B

method has been proposed to calculate the consolidation settle-
ment of a single layer of a clayey soil with creep for different
stress–strain states. To verify the accuracy of the new simplified
Hypothesis B method, the values from two fully coupled FE con-
solidation analysis programs and previous laboratory measured

Table 6. Summary of main values calculated and used in the simplified Hypothesis B method at
increment 5 from Berre and Iversen (1972).

Test
No. t (min)

�z1

(%)

z1

′

(kPa)

zp

′

(kPa)

z,f

′

(kPa)
��f

�%�
mv

(KPa−1)
cv

(×10−6 m2/min)

6 5694 5.51 90.3 112.88 140.5 3.55 0.0744 4.11
H4 61 450 5.25 89.2 111.05 134.7 3.14 0.0690 4.43

Fig. 9. Comparison settlement/thickness (�S/H0) – log(time) curves from two tests, an FD EVP model, the old simplified Hypothesis B method,
Hypothesis A method, and the new simplified Hypothesis B method for (a) test 6 and (b) test H4 at increment 5. [Colour online.]

Table 7. Relative error values for Hypothesis A method, the old simplified hypothesis B method, and
the new simplified Hypothesis B method for three tests at increment 5 from Berre and Iversen (1972).

Test No.
Test data
(�S/H) (%)

StotalA

(�S/H) (%)
StotalB–old

(�S/H) (%)
StotalB–new

(�S/H) (%)
StotalA

error (%)
StotalB–old

error (%)
StotalB–new

error (%)

6 6.905 4.64 7.415 6.86 32.79 7.38 0.65
H4 6.497 3.055 8.21 7.18 52.98 26.42 10.52
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data have been compared with curves obtained using the old sim-
plified Hypothesis B method, the new simplified Hypothesis B
method, and Hypothesis A method. Based on the results and dis-
cussion in the previous sections, main conclusions are drawn as
follows:

1. The proposed new simplified Hypothesis B method is a suit-
able simple method by spread-sheet calculation of the 1-D con-
solidation settlement of a single layer of a clayey soil with
creep.

2. For cases of three layers of HKMC with OCR of 1, 1.5, and 2, it is
found that hypothesis A method generally underestimates the
consolidation settlement compared to the FE simulations. The
relative errors for the three HKMC layers are in the range of
6.52%�46.17%, which is too large to be acceptable for any de-
sign.

3. The old simplified Hypothesis B method (Yin 2011) overesti-
mates the final consolidation settlement with errors in the
range of 5.26%�12.16% for all the cases of the three HKMC
layers. The reason of the overestimation is that the creep part
is calculated based on the final effective stress–strain state,
ignoring the consolidation time (or the excess pore-water pres-
sure coupling) to arrive at this final stress state. To overcome
this limitation, a correction factor � = 0.8 is used in the creep
parts of the new simplified Hypothesis B method in eq. (5). By
comparison, it is found that results from the new simplified
Hypothesis B method are much closer to curves from the FE
simulations and data from tests. The relative errors of the new
simplified Hypothesis B method are in the range of 0.37% to
8.42%, the smallest among all three simplified methods.

4. It is found that the curves from the new simplified Hypothesis B
method are in good consistency and agreement with test data
from Berre and Iversen (1972). This comparison verifies the ac-
curacy and applicability of the new simplified Hypothesis B
method.

Based on the comparison, discussion, and findings above, the
authors recommend that the new simplified Hypothesis B method
with � = 0.8 can be used for calculation of consolidation settle-
ment of a single layer of a soil with creep for designs. The authors
also recognise that more comparisons with fully coupled consol-
idation simulations and physical model tests are necessary to fur-
ther examine the validation of this new simplified Hypothesis B
method.
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A new simplified Hypothesis B method for calculating consolidation
settlements of double soil layers exhibiting creep

W.-Q. Feng1,2 and J.-H. Yin1,2,*,†

1PolyU Shenzhen Research Institute, Shenzhen, China
2Department of Civil and Environmental Engineering, The Hong Kong Polytechnic University, Hung Hom, Kowloon,

Hong Kong

SUMMARY

This paper presents a new simplified method, based on Hypothesis B, for calculating the consolidation set-
tlements of double soil layers exhibiting creep. In the new simplified Hypothesis B method, different stress–
strain states including over-consolidation and normal consolidation states can be considered with the help of
the ‘equivalent time’ concept. Zhu and Yin method and US Navy method are adopted to calculate the aver-
age degree of consolidation for a double soil layer profile. This new simplified Hypothesis B method is then
used to calculate the consolidation settlements of double soil layers, which have two different total thick-
nesses of soil layer (4m and 8m) and three different OCR values (Over-Consolidation Ratio,
OCR= 1, 1.5 and 2). The accuracy and verification of this new simplified method are examined by compar-
ing the calculated results with simulation results from a fully coupled finite element (FE) program using a
soft soil creep model. Four cases of double layer soil profiles are analyzed. Hypothesis A method with
US Navy method for the average degree of consolidation has also been used to for calculating consolidation
settlements of the same cases. For Case I(4m) and Case III(8m), it is found that curves of the new simplified
Hypothesis B method using both Zhu and Yin method and US Navy method are very close to the results
from FE simulations with the relative errors within 8.5%. For Case II(4m) and Case IV(8m), it is found that
curves of the new simplified Hypothesis B method using Zhu and Yin method agree better with results from
FE simulations with the relative errors within 11.7% than curves of the new simplified Hypothesis B
method adopting US Navy method with the relative error up to 36.1%. Curves of Hypothesis A method
adopting US Navy method have the relative error up to 55.0% among all four cases. In overall, the new sim-
plified Hypothesis B method is suitable for calculation of consolidation settlements of double soil layers
exhibiting creep, in which, Zhu and Yin method is recommended to obtain the average degree of consolida-
tion. Copyright © 2016 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The time-dependent phenomenon of soils can be attributed to hydrodynamic lags (consolidation) and
viscous deformation of the soil skeleton [1]. The consolidation of a clayey soil is caused by the
dissipation of the excess pore water pressure while viscous deformation is because of the viscosity
of the soil skeleton, including the creep, stress relaxation, and strain rate dependency. The design of
geotechnical projects, such as the reclamation, needs to consider the consolidation settlement of the
soil exhibiting creep [2, 3].
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Ladd et al. [4] questioned whether the creep occurs during ‘primary’ consolidation, which led to
two extreme methods in terms of Hypotheses A and B: Hypothesis A assumes that creep
contribution can be included independently after ‘primary’ consolidation stage, whereas
Hypothesis B assumes that creep contribution should be included throughout the consolidation
and compression process. This question remains controversial among researchers. Mesri and
Godlewski [5], Choi [6], Feng [7], Mesri and Vardhanabhuti [8], and Mesri [9], supporting
Hypothesis A, believed that soil is compressed for two interrelated reasons: (i) the change of
effective stress, (ii) the change of time. Meanwhile, Bjerrum [10], Stolle et al. [11], Vermeer and
Neher [12], Nash and Ryde [13], Yin et al. [14], Leroueil [15], Leoni et al. [16], Karim et al.
[17], Nash and Brown [18] used Hypothesis B to consider that the creep occurs during the
consolidation stage. Navarro and Alonso [19] regarded the ‘secondary compression’ of clays as
the rate of local water transfer process. Recently, researchers [20–22] have undertaken some
efforts to the double porosity model for two scales of porosity in the soil fabric structure.
Cosenza and Korošak [23] presented a heuristic approach that adopts two additional parameters
of fractional order and fractional viscosity factor, to consider the ‘secondary consolidation’ of
clayey soil as a result of pore water pressure diffusion from micro- to macro-pores. Borja and
Choo [24] developed a framework of soil constitutive model to consider the pore water pressure
dissipation in the macro- and micro-scale, and used this model to simulate the ‘secondary
compression’ in one-dimensional (1D) consolidation, which agrees well with the experimental
data. The double porosity theory provides the basis for understanding the soil consolidation
behavior. The different porosity scales for ‘primary consolidation’ and ‘secondary consolidation’
reasonably explain that creep also occurs during consolidation stage. According to the definition,
creep is a continuous deformation of soil under a constant load (or an incremental creep under
an incremental constant load) [1, 14]. It is reasonable to say that creep always exists under the
action of varying effective stress, which means that Hypothesis B is logically correct.

Based on Hypothesis B and the ‘equivalent time’ concept [10, 25, 26], Yin [2], Yin and Feng
[3] presented a new simplified Hypothesis B method for the handy calculation of the
consolidation settlement of a single soil layer exhibiting, considering different stress–strain states.
Yin and Feng [3] verified the accuracy of this new simplified method by comparing calculated
values with results from fully coupled finite element (FE) simulations. In reality, because of the
geological history, a soil profile has layers more than one layer [27, 28]. The consolidation
problem of multiple soil layers was extensively studied before. Schiffman and Stein [29]
obtained a mathematical solution for a layered consolidation problem. US Department of the
Navy [30] proposed a simplified procedure to convert multiple soil layers into one single soil
layer. Details of this procedure will be presented later. Zhu and Yin [28, 31] presented an
analytical solution and solution charts for double soil layers under the ramp loading with
different depths, and demonstrated the different consolidation behaviors between the double soil
layers and a simplified one single soil layer [30]. Meanwhile, Xie et al. [32] introduced an
analytical solution for the two-layered soil with partially drained boundaries. Xie et al. [33]
considered the nonlinear properties of double layered soils. Related problems such as double
layered soils with vertical drains [34, 35], soft clayey soils reinforced by floating stone columns
[36, 37], and double layered system for unsaturated soil [38] have been widely studied without
considering creep.

This paper aims to generalize a new simplified Hypothesis B method [3] for a single soil layer to
double soil layers for calculating consolidation settlement of soils with creep for different stress–
strain states under instant loading. Examples with two different total thickness values (4m and 8m)
and three different stress–strain states (OCR=1, 1.5 and 2) are presented to illustrate the accuracy of
this simplified Hypothesis B method when using Zhu and Yin method [28, 31] and US Navy
method [30] for determination of the average degree of consolidation. The accuracy (or relative
errors) of this simplified Hypothesis B method is examined by comparing calculated results with
simulation results from a fully coupled FE software with an elastic visco-plastic constitutive model
for the clayey soil used in the examples. As a benchmark comparison, the conventional Hypothesis
A method with US Navy method for the average degree of consolidation has also been used to
calculate consolidation settlements of the same cases.
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2. BRIEF REVIEW OF THE NEW SIMPLIFIED METHOD BASED ON HYPOTHESIS B FOR A
SINGLE SOIL LAYER

Based on Hypothesis B and ‘equivalent time’ concept [25, 26, 39], Yin [2], Yin and Feng [3] proposed
a new simplified Hypothesis B method for 1-D consolidation settlement prediction for one single layer
of a clayey soil as follows:

StotalB ¼ S}primary} þ Screep
¼ UvSf þ αScreep;f þ 1� αð ÞS}secondary}

� �
f or t≥1 day t≥tEOP;field f or S}secondary}

� � (1)

where S" primary " =UvSf denotes the settlement of ‘primary’ consolidation at any time t. Uv is the
average degree of consolidation for the soil layer, and Sf represents the final settlement at the
end of ‘primary’ consolidation. It is noted that Sf= εfH where εf is the considering vertical strain
and H is the thickness of a single soil layer. In Eq. (1), Screep is the creep settlement during and
after ‘primary’ consolidation. The subscript ‘creep’ indicates that the settlement is related to
creep. In Eq. (1), α is a constant parameter to reasonably consider the creep settlement during
and after the consolidation, and its value should be in the range from 0 to 1. Referring to
Figure 1, the effective stress–strain state is valid for the soil nearby the drainage boundary, while
the effective stress path inside the clay away from the drainage boundary will be delayed
because of the consolidation. For the soil nearby the drainage boundary, Screep,f in Eq. (1) is
calculated at the final effective stress ignoring the coupling of the excess pore water pressure as
the creep settlement and Screep,f= εcreep,fH where εcreep,f is the corresponding final creep strain. In
Eq. (1), S" secondary " is the ‘secondary consolidation’ settlement based on Hypothesis A for the
soil far away from the drainage boundary, S}secondary} ¼ ε}secondary}H ¼ Cαe

1þe0
log t

tEOP;field
H , where

ε" secondary " is the corresponding ‘secondary’ strain, Cαe is the ‘secondary consolidation’
coefficient, e0 is the initial void ratio, and tEOP,field is the time at the End-Of-Primary (EOP)
consolidation in the field and can be calculated using the time at Uv=98%. It is noted that

Figure 1. Relationship of vertical strain versus log (vertical effective stress) with different time lines and
stress–strain states. [Colour figure can be viewed at wileyonlinelibrary.com]

A NEW SIMPLIFIED HYPOTHESIS B METHOD 901

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2017; 41:899–917
DOI: 10.1002/nag

http://wileyonlinelibrary.com


when α=0, Eq. (1) is reduced to the equation of Hypothesis A method: StotalA=UvSf
+ S" secondary " for t≥ tEOP,field for S" secondary ". We use StotalA to denote the settlement calculated
using Hypothesis A method here, rather than still using StotalB.

The key issue of Eq. (1) is how to accurately determine the creep strain under different stress–strain
states including the normal consolidation and over-consolidation states in the new simplified
Hypothesis B method. Figure 1 shows the relationship of vertical strain versus log(vertical effective
stress) with different stress–strain states. The initial stress–strain state, Point 1 σ’z1; εz1

� �
, and pre-

consolidation stress–strain state, Point 3 σ’zp; εzp
� �

, are already known. The slope of unloading–

reloading line is Ce/(1 + e0), and the slope of normal consolidation line is Cc/(1 + e0), which are
obtained from oedometer tests with duration of 24 h (1 day) as a common approach. When the initial
point is at Point 1 and the final effective stress state is at Point 2 on the over-consolidation line, the
final ‘primary’ consolidation and creep strains are calculated with the following equations [3]:

εf ¼ εz2 ¼ Ce

1þ eo
log

σ’z2
σ’z1

� 	
þ εz1

εcreep;f ¼ Cαe

1þ e0
log

t þ te2
t0 þ te2

� 	

te2 ¼ t0�10
εz2�εzpð Þ 1þ e0ð Þ

Cαe
σ’z2
σ’zp

 !�
Cc

Cαe � t0 f or t ≥1 day:

(2)

The t0 is a material parameter and shall be taken as 1 (day) because Ce/(1 + e0) and Cc/(1 + e0) are
obtained from oedometer tests with duration of 24 h (1 day). Eq. (2) is valid for time t equal to or
larger than 1 day because the data points in Figure 1 all have 1-day duration already.

When the initial point is at Point 1 and the final effective stress state is at Point 4 on the normal
consolidation line, the final ‘primary’ consolidation and creep strains are expressed as:

Figure 2. Profiles of double soil layers for Plaxis simulation with free drainage in the top and impermeable in
the bottom: (a) Case I (4m), (b) Case II (4m), (c) Case III (8m), (d) Case IV (8m). [Colour figure can be

viewed at wileyonlinelibrary.com]
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εf ¼ εz4 ¼ Ce

1þ eo
log

σ’zp
σ’z1

 !
þ εz1

 !
þ Cc

1þ eo
log

σ’z4
σ’zp

 !

εcreep;f ¼ Cαe

1þ e0
log

t
t0

� 	
f or t≥1 day:

(3)

We prefer to call Cαe a creep coefficient, rather than the ‘secondary’ consolidation coefficient
because Eq. (2) and Eq. (3) consider creep occurs during and after ‘primary’ consolidation. Eq. (2)
and Eq. (3) are derived by using the equivalent time te proposed by Yin and Graham [25, 26], Yin
et al. [14].

3. A NEW SIMPLIFIED HYPOTHESIS B METHOD FOR CALCULATING CONSOLIDATION
SETTLEMENT OF MULTIPLE LAYERS OF SOILS EXHIBITING CREEP

In many cases, there are more than one layer of soils in the field, and each stratum is influenced by the
other layer [31]. To consider double-layered soil condition, a new simplified Hypothesis B method is
proposed:

StotalB ¼ ∑
n

i¼1
S}primary}i þ ∑

n

i¼1
Screepi ¼ Ua∑

n

i¼1
Sf i þ ∑

n

i¼1
αScreep;f i þ 1� αð ÞS}secondary}i
� �

¼ Ua∑
n

i¼1
εf iHi þ∑

n

i
αεcreep;f i þ 1� αð Þε}secondary}i
� �

Hi

 �

f or t≥1day t≥tEOP;field f or S}secondary}i
� �

(4)

where ∑
n

i¼1
S}primary}i is the ‘primary’ consolidation settlement of n soil layers, Ua and ∑

n

i¼1
Sf i are the

average degree of consolidation and the total ‘primary’ consolidation settlement of n soil layers,

∑
n

i¼1
Screepi is the total creep settlement of n soil layers, and ∑

n

i¼1
Screep;f i and ∑

n

i¼1
S}secondary}i are the total

Table II. Summary of calculated values of parameters used in the new simplified Hypothesis B method for
double soil layers

Case OCR
‘Upper Marine Clay’ ‘Upper Alluvium’ sf1 + sf2

(m) p q

sf1 (m)
mv1

(kPa� 1)
cv1

(m2/day) sf2 (m)
mv2

(kPa� 1)
cv2

(m2/day)

(a) Calculated values of parameters for 4-m-thick double soil layers

Case I (4m) 1 0.635 0.01588 0.00122 0.096 0.00239 0.02208 0.731 �0.22 0.62
1.5 0.500 0.01258 0.00154 0.052 0.00130 0.04080 0.552 �0.31 0.67
2 0.409 0.01023 0.00189 0.025 0.00064 0.08308 0.434 �0.42 0.74

Case I (4m) 1 0.635 0.01588 0.0122 0.096 0.00239 0.00221 0.731 �0.88 �0.40
1.5 0.500 0.01258 0.0154 0.052 0.00130 0.00408 0.552 �0.90 �0.32
2 0.409 0.01023 0.0189 0.025 0.00064 0.00831 0.434 �0.92 �0.20

(b) Calculated values of parameters for 8-m-thick double soil layers

Case OCR ‘Upper Marine Clay’ ‘Upper Alluvium’ sf1 + sf2(m) p q
sf1 (m) mv1

(kPa� 1)
cv1

(m2/day)
sf2 (m) mv2

(kPa� 1)
cv2

(m2/day)
Case III (8 m) 1 0.935 0.01169 0.00166 0.114 0.00142 0.03709 1.049 �0.27 0.65

1.5 0.671 0.00839 0.00231 0.032 0.00032 0.16748 0.703 �0.51 0.79
2 0.483 0.00604 0.00321 0.019 0.00024 0.22200 0.502 �0.51 0.79

Case IV (8m) 1 0.935 0.01169 0.0166 0.114 0.00143 0.00371 1.049 �0.89 �0.36
1.5 0.671 0.00839 0.0231 0.032 0.00040 0.01307 0.703 �0.93 �0.14
2 0.483 0.00604 0.0321 0.019 0.00024 0.02220 0.502 �0.94 �0.09
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final creep settlement and the total ‘secondary’ consolidation settlement of n soil layers. Eq. (4) is an
extension of Eq. (1) to consider multiple soil layers. Eq. (4) can be reduced to Eq. (1) when n=1. In
previous study, Yin and Feng [3] suggested α 0.8 for a single soil layer. In the study of this paper,
the authors have found that α is related to OCR and can be taken as α=0.4+ 0.2OCR. For OCR=1,
1.5, and 2, we have α=0.6, 0.7, 0.8. The verification of these α values can be seen in Figures 3–8
later with a comparison with FE simulation results. Eqs. (2) and (3) are also used to determine the
final creep compression εcreep,f and then creep settlement Screep,f of a soil in each layer under
different stress–strain states. Another important issue is how to correctly determine the average
degree of consolidation, mv for multiple soil layers.

In this paper, we use Eq. (4) to analyze a double soil layer system which was studied before by Zhu
and Yin [28, 31], Xie et al. [27, 32] without considering creep. In this analysis, the solution derived by

Table III. Values of ‘equivalent time’ te2 of all sub-layers of ‘upper alluvium’ with OCR=2 for 8-m-thick
double soil layers

No.(j) Depth at the middle of each sub-layer (m) σ’z1;j (kPa) σ’zp;j (kPa) σ’zf ;j (kPa) εzp εzf,j te2

1–8 Vary 0.25–3.75 1.25–18.75 2.5–37.5 21.25–38.75 0.0075 — 0
9 4.25 22.375 44.75 42.375 0.0075 0.00694 1.34
10 4.75 27.125 54.25 47.125 0.0075 0.00600 8.00
11 5.25 31.875 63.75 51.875 0.0075 0.00529 23.93
12 5.75 36.625 73.25 56.625 0.0075 0.00473 54.50
13 6.25 41.375 82.75 61.375 0.0075 0.00428 104.88
14 6.75 46.125 92.25 66.125 0.0075 0.00391 179.35
15 7.25 50.875 101.75 70.875 0.0075 0.00360 280.97
16 7.75 55.625 111.25 75.625 0.0075 0.00334 411.56

Figure 3. Comparison of FE simulation and the new simplified Hypothesis B method for 4-m-thick double
soil layers with OCR=1: (a) settlement–log(time) curves for Case I ((4)m); (b) settlement–log(time) curves

for Case II ((4)m).
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Zhu and Yin [28, 31] for double soil layer consolidation analysis is adopted (denoted Zhu and Yin
method) for calculating the average degree of consolidation mv. Zhu and Yin [28, 31] provided
charts for calculating the average degree of consolidation mv. In the solution and charts, Zhu and
Yin [28, 31] introduced two independent parameters (p, q), construction time factor (Tc) and time
factor (T) for the consolidation settlement calculation. Key equations are summarized as follows:

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
k2mv2

p � ffiffiffiffiffiffiffiffiffiffiffiffi
k1mv1

pffiffiffiffiffiffiffiffiffiffiffiffi
k2mv2

p þ ffiffiffiffiffiffiffiffiffiffiffiffi
k1mv1

p

q ¼ H1
ffiffiffiffiffiffi
cv2

p � H2
ffiffiffiffiffiffi
cv1

p
H1

ffiffiffiffiffiffi
cv2

p þ H2
ffiffiffiffiffiffi
cv1

p

ω ¼ 1þ qð Þ
2

ξ ¼ 1� qð Þ
2

Tc ¼ cv1cv2tc

H1
ffiffiffiffiffiffi
cv2

p þ H2
ffiffiffiffiffiffi
cv1

p� �2
T ¼ cv1cv2t

H1
ffiffiffiffiffiffi
cv2

p þ H2
ffiffiffiffiffiffi
cv1

p� �2

(5)

Figure 4. Comparison of FE simulation and the new simplified Hypothesis B method for 4-m-thick double
soil layers with OCR=1.5: (a) settlement–log(time) curves for Case I ((4)m); (b) settlement–log(time)

curves for Case II ((4)m).
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Ua T ; Tcð Þ ¼

Tc

T
� ∑

∞

n¼1

cn
λ4nTc

1� exp �λ2nT
� �� �

T≤Tc

1� ∑
∞

n¼1

cn
λ4nTc

1� exp �λ2nTc
� �� ��exp �λ2n T � Tcð Þ� �

T≥Tc

8>>><
>>>:

(6)

where λn is the root of the equation sinθ + psin(qθ) = 0 for both top and bottom drained condition
(condition1) and the equation cosθ�pcos(qθ) = 0 for one side drained condition (condition2).
Values of cn are determined by the following equation:

cn ¼

2 mv1H1ξsin λnξð Þ þ mv2H2ωsin λnωð Þ½ �2
ω2ξ2 mv1H1 þ mv2H2ð Þ mv1H1ξsin2 λnξð Þ þ mv2H2ωsin2 λnωð Þ� � f or condition 1

2 mv1H1ξcos λnξð Þ½ �2
ω2 mv1H1 þ mv2H2ð Þ mv1H1ξcos2 λnξð Þ þ mv2H2ωsin2 λnωð Þ� � f or condition 2

8>>>><
>>>>:

: (7)

Details of the derivation could be found in Zhu and Yin [28, 31], and the solution is valid for the
uniform vertical stress under the ramp loading on double soil layers. The procedures of a step-by-
step calculation are provided later.

US Department of the Navy [30] proposed a simplified procedure for consolidation analysis of
multiple soil layers. For double soil layers, we can convert soil layer 2 to an equivalent thickness of
soil layer 1, using:

Figure 5. Comparison of FE simulation and the new simplified Hypothesis B method for 4-m-thick double
soil layers with OCR=2: (a) settlement–log(time) curves for Case I ((4)m); (b) settlement–log(time) curves

for Case II ((4)m).
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H ’
2 ¼ H2 cv1=cv2ð Þ1=2

T ¼ cv1t

H1 þ H ’
2

� �2 (8)

where H2 is the height of the soil layer 2,H ’
2 is the equivalent thickness of soil layer 2 as if it is made up

of soil layer 1, and cv1 and cv2 are the coefficients of consolidation for layers 1 and 2, respectively. T is
the overall time factor of the whole deposit. After the conversion, the average degree of consolidation,
Ua, can be determined as one single soil layer. This method is named as US Navy method in this paper.

4. FOUR CASES OF DOUBLE SOIL LAYERS AND FINITE ELEMENT MODELING
APPROACH

In this section, we have selected the geologic profile of the Hong Kong International Airport
(HKIA) in Lantau Island, Hong Kong as an example to apply the new simplified Hypothesis
B method for consolidation analysis of double soil layers. The representative values of soil
parameters are adopted for using this new simplified method to calculate the consolidation
settlement of soils with creep. Plaxis (2D 2015 version) is also used to analyze the consolidation
settlement of the same soil layers. The corresponding results will be presented and compared in
the next section to verify the applicability and accuracy of the new simplified Hypothesis
B method.

Figure 6. Comparison of FE simulation and the new simplified Hypothesis B method for 8-m-thick double
soil layers with OCR=1: (a) settlement–log(time) curves for Case III ((8)m); (b) settlement–log(time)

curves for Case IV ((8)m).
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4.1. Description of the double soil layers

There is more than one soil layer at the site of HKIA [40, 41]. ‘Upper Marine Clay’ is at the top of the
soil layer with 2m–8m in thickness and ‘Upper Alluvium’ layer underlays the ‘Upper Marine Clay’.
The base of ‘Upper Alluvium’ is regarded to be impermeable, and the top of ‘Upper Marine Clay’ is
seabed and normally filled by sand so that the top is considered free drained [42]. Detailed
description of ‘Upper Marine Clay’ can be found in [3, 43, 44]. The void ratio of ‘Upper Alluvium’
is 1. Both ‘Upper Marine Clay’ and ‘Upper Alluvium’ are considered to have three different OCR
values (OCR=1, 1.5 and 2) as a parametric study.

Figure 2 shows the profile of four cases of double soil layers. Table I presents values of all
parameters of four cases of double soil layers used for consolidation analysis using the new
simplified Hypothesis B method and FE modeling (FEM) using Plaxis (2D version 2015). The total
thickness of Case I (4m) and Case II (4m) is 4m with 2m ‘Upper Marine Clay’ in the top
followed by 2m ‘Upper Alluvium’, the bottom of which is impermeable. Comparing to
Case I (4m), the difference of Case II (4m) is that the permeability value of ‘Upper Marine Clay’
is increased by one order, and the permeability value of ‘Upper Alluvium’ is decreased by one
order. The total thickness of Case III (8m) and Case IV (8m) is 8m with 4m ‘Upper Marine Clay’
in the top followed by 4m ‘Upper Alluvium’, the bottom of which is impermeable. Comparing to
Case III (8m), the difference of Case IV (8m) is that the permeability value of ‘Upper Marine
Clay’ is increased by one order and the permeability value of ‘Upper Alluvium’ is decreased by
one order. A vertical stress of 20kPa is assumed suddenly applied on the two layers in Figure 2 [3].

4.2. Description of a finite element modeling approach

In order to verify the accuracy of the new simplified Hypothesis B method for double soil layers,
the FE software Plaxis (2D version 2015) is used for the numerical simulation adopting the soft
soil creep (SSC) model [12, 45], which is, in fact, an non-linear Elastic Visco-Plastic constitutive

Figure 7. Comparison of FE simulation and the new simplified Hypothesis B method for 8-m-thick double
soil layers with OCR=1.5: (a) settlement–log(time) curves for Case III ((8)m); (b) settlement–log(time)

curves for Case IV ((8)m).
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model [46, 47]. A two-dimensional plane strain FE mesh with 15-node triangular elements is
used in Plaxis simulation.

As illustrated in Figure 2, the top elements of the soil have free drainage, and the bottom elements
are impermeable when conducting the consolidation analysis. The left and right vertical boundaries in
Figure 2 are impermeable and are confined to have vertical movements only. A vertical stress of 20kPa
is instantly applied on the top of all FE simulation models, and the loading period is up to 100 000 days
to make sure that consolidation is totally completed in all simulation cases. The monitoring point for
the settlement is at the top surface of the FE model, as illustrated in Figure 2. The definition of the
SSC parameters can be found in the Plaxis manual (2D version 2015), and values of parameters
used in Plaxis are listed in Table I. The initial pre-consolidation stress plays an important role in the
ground settlement prediction when adopting the SSC model [45]. When considering OCR value
effects, OCR values of ‘Upper Marine Clay’ and ‘Upper Alluvium’ are set to be 1, 1.5, and 2.
Initial stress–strain condition before adding the vertical loading and consolidation is generated with
the in-situ K0 condition.

5. APPLICATION AND VERIFICATION OF THE NEW SIMPLIFIED HYPOTHESIS B
METHOD FOR CONSOLIDATION ANALYSIS OF DOUBLE SOIL LAYERS WITH CREEP

This section presents the detailed procedures of applying the new simplified Hypothesis B method for
consolidation analysis of four cases of double layers of soils exhibiting creep and calculated results.

5.1. Procedures of applying the new simplified Hypothesis B method for consolidation settlement
calculations

In order to calculate the consolidation settlement of soils with creep, the initial and final effective stress
states should be first determined. It is suggested that the total thickness of 4m or 8m shall be divided

Figure 8. Comparison of FE simulation and the new simplified Hypothesis B method for 8-m-thick double
soil layers with OCR=2: (a) settlement–log(time) curves for Case III ((8)m); (b) settlement–log(time)

curves for Case IV ((8)m).
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into a number of sub-layers with 0.5-m thickness in order to calculate the final primary settlement Sfi
more accurately for each soil type layer. Second, values of the initial effective stress (σ’z1;j ), that is,

Point 1 σ’z1; εz1
� �

in Figure 1, pre-consolidation stress state (σ’zp;j ), and final effective stress (σ’zf ;j )
for each sub-layer j after loading are calculated below:

Table IV. Relative error values for Hypothesis A method and the new simplified Hypothesis B methods
using Zhu and Yin method for Ua and US Navy method for Ua.

(a) Relative error values of parameters for 4-m-thick double soil layers

Case OCR Time
(day)

SPlaxis
(m)

US Navy method for Ua Zhu and Yin method for Ua

Ua(%) StotalA (m) StotalA
relative
error(%)

StotalB (m) StotalB
relative
error(%)

Ua(%) StotalB (m) StotalB
relative
error(%)

Case I
(4m)

1 1000 0.479 50 0.369 23.0 0.461 3.9 54.0 0.487 1.5

7500 0.797 98 0.716 10.1 0.835 4.7 98.8 0.842 5.7
100 000 0.883 100 0.788 10.7 0.907 2.7 100 0.908 2.8

1.5 730 0.373 50 0.278 25.5 0.380 1.9 54.1 0.402 7.8
5580 0.650 98 0.544 16.3 0.678 4.2 98.9 0.684 5.2

100 000 0.747 100 0.619 17.2 0.753 0.7 100 0.754 0.9
2 550 0.321 50 0.217 32.3 0.325 1.2 53.9 0.346 7.8

4200 0.536 98 0.426 20.4 0.570 6.4 98.9 0.579 8.0
100 000 0.643 100 0.505 21.5 0.649 0.8 100 0.653 1.5

Case II
(4m)

1 725 0.701 50 0.366 47.8 0.454 35.3 92.9 0.767 9.4

5525 0.813 98 0.717 11.9 0.831 2.2 100 0.856 5.3
100 000 0.886 100 0.795 10.2 0.910 2.7 100 0.920 3.9

1.5 445 0.554 50 0.279 49.7 0.373 32.7 92.7 0.609 9.9
3375 0.662 98 0.544 17.8 0.670 1.2 100 0.690 4.3

100 000 0.748 100 0.630 15.8 0.756 1.0 100 0.765 2.2
2 262 0.439 50 0.218 50.4 0.313 28.8 88.7 0.484 10.3

2000 0.543 98 0.426 21.5 0.557 2.6 100 0.576 6.0
100 000 0.645 100 0.521 19.1 0.652 1.1 100 0.662 2.7

(b) Relative error values of parameters for 8-m-thick double soil layers

Case OCR Time
(day)

SPlaxis
(m)

US Navy method for Ua Zhu and Yin method for Ua

Ua
(%)

StotalA
(m)

StotalA
relative
error(%)

StotalB
(m)

StotalB
relative
error(%)

Ua
(%)

StotalB
(m)

StotalB
relative
error(%)

Case III
(8m)

1 2800 0.789 50 0.526 33.3 0.737 6.6 54.0 0.778 1.5

21 260 1.314 98 1.028 21.7 1.293 1.6 98.9 1.305 0.7
100 000 1.435 100 1.118 22.1 1.383 3.7 100 1.385 3.5

1.5 1750 0.543 50 0.352 35.1 0.580 6.7 51.5 0.590 8.5
13 400 0.981 98 0.689 29.7 0.980 0.1 99.0 0.989 0.8

100 000 1.134 100 0.792 30.1 1.080 4.5 100 1.085 4.3
2 1230 0.429 50 0.251 41.4 0.460 7.3 51.1 0.465 8.5

9450 0.734 98 0.492 32.9 0.773 5.2 99.0 0.779 6.0
100 000 0.912 100 0.606 33.5 0.887 2.8 100 0.888 2.6

Case IV
(8m)

1 1850 1.137 50 0.526 53.7 0.726 36.1 93.5 1.181 3.9

14 050 1.339 98 1.028 23.2 1.282 4.2 100 1.326 1.0
100 000 1.440 100 1.136 21.1 1.390 3.5 100 1.413 1.9

1.5 740 0.759 50 0.352 53.6 0.552 27.2 92.1 0.848 11.7
5650 0.981 98 0.690 29.7 0.953 2.9 100 0.987 0.6

100 000 1.139 100 0.830 27.1 1.094 4.0 100 1.114 2.2
2 475 0.558 50 0.251 55.0 0.428 23.4 88.2 0.621 11.2

3630 0.743 98 0.492 33.7 0.739 0.5 100 0.761 2.5
100 000 0.917 100 0.648 29.3 0.895 2.4 100 0.907 1.1
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σ’z1;j ¼ γsoil;j � γw
� �

zj

σ’zp;j ¼ OCR�σ’z1;j
σ’zf ;j ¼ σ’z1;j þ Δσ’z

(9)

where zj is the sub-layer middle location, γsoil,j is the saturated weight of the soil in the sub-layer, as
listed in Table I, γw is water unit weight, taken as 9.81 kN/m3, and Δσ’z is the vertical loading, taken
as 20 kPa in the calculation. In Eq. (9), we introduce a new index ‘j’ for sub-layers (up to a total of
m sub-layers) of 0.5m thick only for each soil type. This index ‘j’ is different from the index ‘i’ in
Eq. (4) which is for layers of different soils.

It should be noted that the unit weight of ‘Upper Alluvium’ is different from that of ‘Upper Marine
Clay’ soil and the initial effective stress should be determined carefully for each layer in Figure 2. As
shown in Figure 1, the initial effective stress state is at Point 1 σ’z1; εz1

� �
for OCR=1.5 or 2, and at

Point 3 σ’zp; εzp
� �

for OCR=1. Assuming the initial strain is zero for all four cases. Final effective

stress state is at Point 4 σ’z4; εz4
� �

after the loading of 20 kPa for all the sub-layers of ‘Upper
Marine Clay’ with two different thicknesses 2m or 4m and OCR values. After the loading of
20 kPa, the final effective stress state after the stress increment is at Point 4 σ’z4; εz4

� �
for all sub-

layers of ‘Upper Alluvium’ with OCR=1, but at Point 2 σ’z2; εz2
� �

for some sub-layers of ‘Upper
Alluvium’ when 8-m layer when OCR=1.5 or 2 and 4-m soil layer with OCR=2. All these final
effective stresses can be calculated using the parameter values in Table I.

Third, Eq. (3) is used after the stress increment of 20 kPa to determine ‘primary’ consolidation final
settlement Sfi,j, for each sub-layer j of 0.5m thick with OCR=1 of a soil type layer i. Because all the
sub-layers of ‘Upper Marine Clay’ and ‘Upper Alluvium’ are at Point 4 σ’z4; εz4

� �
for final

effective stress state, Eq. (3) is used for Sfi,j. When the final effective stress state is at
Point 2 σ’z2; εz2

� �
, Eq. (2) is adopted for some sub-layers of ‘Upper Alluvium’. The total final

‘primary’ consolidation settlements of ‘Upper Marine Clay’ and ‘Upper Alluvium’ can be obtained
by summing those of all sub-layers. Afterwards, the total final ‘primary’ consolidation settlement Sfi,
the coefficient of volume compressibility, mvi, and the coefficient of consolidation, cvi, for the whole
‘Upper Marine Clay’ or the whole ‘Upper Alluvium’ can be obtained as follows:

Sf i ¼ ∑
m

j¼1
Sf i;j

mvi

¼vi 1
Hi

Sf i
Δσ’z

cvi ¼ kvi
mvi

γw
vi (10)

where Hi is the total thickness of ‘Upper Marine Clay’ or ‘Upper Alluvium’. Calculated values of Sfi,
mvi, and cvi for ‘Upper Marine Clay’ and ‘Upper Alluvium’ are listed in Table II.

Fourth, the factors for double soil layers, p and q, can be calculated with Eq. (5) by substituting the
values of mv and cv, and the corresponding values are also listed in Table II. Take Case I(4m) with
OCR=1 as an example: H1 =H2 = 2m, cv1 = 0.00122 m2/day, and cv2 = 0.02208 m2/day in Table II,
the time factor, T, after a loading time of 100 days with one-way drainage condition could be
determined as follows:

T ¼ cv1cv2t

H1
ffiffiffiffiffiffi
cv2

p þ H2
ffiffiffiffiffiffi
cv1

p� �2 ¼ 0:0012�0:02208�100

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:02208

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:0012

p� �2 ¼ 0:02: (11)

From the solution charts for one-way drainage condition [31], the average degree of consolidation
Ua is 18% for p=� 0.3 and q=0.62 (from solution charts in Zhu and Yin [28, 31]) and is 13% for
p=0.3 and q=0.62. It is noted that Tc=0 because the loading is suddenly applied. With the help of
the interpolation method for p=� 0.22 in Table II, the average degree of consolidation Ua at time of
100 days and for p=�0.22 and q=0.62 could be obtained:
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Ua¼
0:3� �0:22ð Þ½ ��18%þ �0:22ð Þ � �0:3ð Þ½ ��13%

0:3� �0:3ð Þ½ � ¼ 17:3%: (12)

Similarly, the average degree of consolidation, Ua, for double soil layers in other different times or
other conditions can also be determined.

In order to compare with the US Navy method [30], the average degree of consolidation, Ua, is also
calculated by transferring the ‘Upper Alluvium’ into ‘Upper Marine Clay’ soil considering the
difference of coefficient of consolidation, cv, with Eq. (8). Then, the average degree of
consolidation, Ua, could be easily determined as one equivalent single layer.

Last, for ‘Upper Marine Clay’, the creep compression εcreep,f is calculated by adopting Eq. (3) when
the final effective stress state is in a normal consolidation state. Eq. (2) shall be used for calculating the
creep compression εcreep,f when the final effective stress state of some sub-layers is in over-
consolidation state. The equivalent times, te2, in Eq. (2) shall also be calculated first using the third
row equation in Eq. (2) for a few sub-layers of ‘Upper Alluvium’ with 8m and listed in Table III
for OCR=2. Values of tEOP,field are determined to be the time when the average degree of
consolidation is 98% for double soil layers.

5.2. Comparison of results from the new simplified Hypothesis B method, FE simulations, and
Hypothesis A method

The FE software Plaxis (2015 version) is used to simulate the same four cases of double soil layers, and
results are used to verify the accuracy of calculated results using the new simplified Hypothesis B
method. Because the conventional Hypothesis A method is still used by some people but the
limitations of this method are not well understood, it is also good to know the difference between
the new simplified Hypothesis B method and conventional Hypothesis A method. The limitations of
this method are not well understood. It is also good to know the difference between the new
simplified Hypothesis B method and conventional Hypothesis A method. Therefore, the
conventional Hypothesis A method with US Navy method for the average degree of consolidation
has also been used to calculate consolidation settlements of the same cases.

Curves of the new simplified Hypothesis B method are compared with curves from FE
simulations with a SSC model and from Hypothesis A method in Figures 3–8 for different layer
thickness and OCR values. Dot symbols are results from the Plaxis FE simulations. Solid lines
represent calculation results of the new simplified Hypothesis B method with Zhu and Yin
method for Ua. Dashed lines are the calculation results of the new simplified Hypothesis B
method with US Navy method for Ua. Dotted lines are the calculation results of the Hypothesis
A method with US Navy method for Ua.

a. Case I(4m) and Case II(4m)

A comparison of FE simulation results with SSC model and the new simplified Hypothesis B
method using Zhu and Yin method and US Navy method is shown in Figure 3 for 4-m-thick double
soil layers with OCR=1 (α=0.6). For Case I(4m), it can be observed that calculated results of the
new simplified Hypothesis B method using US Navy method and Zhu and Yin method for Ua are
almost the same as illustrated in Figure 3(a) and are all very close to FE simulation results. The
calculated curves with Zhu and Yin method for Ua are overlapped by those with US Navy method
for Ua when the ‘primary’ consolidation is completed. For Case II(4m), there is an obvious gap
between the calculated results using Zhu and Yin method for Ua and those adopting US Navy
method for Ua. It is seen clearly from Figure 3(b) that calculated curves of the new simplified
Hypothesis B method using Zhu and Yin method for Ua are in a good agreement with FE
simulation results. However, the obvious difference between FE simulation results and calculated
results using US Navy method is observed during the consolidation stage. After the consolidation
stage, results of the new simplified Hypothesis B method using both Zhu and Yin method and US
Navy method are very close to FE simulation results. By comparing the results between the new
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simplified Hypothesis B method using Zhu and Yin method, US Navy method, and FE simulation results,
it can be deduced that US Navy method predicts the wrong average degree of consolidation, Ua, for double
soil layers in Case II(4m). It is seen from Figure 3 that Hypothesis A method gives much less settlement
compared to results from the FE simulation and the new simplified Hypothesis B method.

Yin and Feng [3] defined the parameter, relative error, to evaluate the accuracy of the new
simplified Hypothesis B method at a certain time t. The relative error is defined as:

relative error ¼ StotalB � SPlaxisð Þ=SPlaxisj j�100% (13)

where SPlaxis is the predicted settlement from Plaxis at time t. In this paper, we take two times at
Ua=50%, Ua=80% (from Hypothesis A method using US Navy method for Ua) and time of
100 000 days. StotalB is the total settlement calculated from the new simplified Hypothesis B
method. Eq. (3) can also be used to calculate relative error for Hypothesis A method, in which
StotalB is replaced by StotalA. As a result, values of relative error for all double soil layer
conditions are listed in Table IV(a).

Figure 4 shows the comparison of settlement–log(time) curves from FE simulation, the new simplified
Hypothesis B method, and Hypothesis A method for 4m double layers of soil profile with OCR=1.5
(α=0.7). Figure 5 shows the comparison of settlement–log(time) curves from FE simulation, the new
simplified Hypothesis B method, and Hypothesis A method for 4-m double layers of soil profile with
OCR=2 (α=0.8). Similar characteristics are observed for the new simplified Hypothesis B method
with Zhu and Yin method and US Navy method for Ua in the two cases in Figures 4 and 5.

For 4-m thick double soil layer with OCR=1, 1.5, and 2, it can be observed in Table IV(a) that the
values of relative error are from 0.9% to 10.3% for the new simplified Hypothesis B method using Zhu
and Yin method for Ua and from 0.7% to 35.5% for the new simplified Hypothesis B method using US
Navy method for Ua. However, values of relative error are from 10.1% to 50.4% for the Hypothesis A
method with US Navy method for Ua. The Hypothesis A method underestimates the consolidation
settlement a lot.

b. Case III(8m) and Case IV(8m)

For 8-m-thick double layers of soil profile, Figures 6, 7, and 8 show comparisons of curves from the
FE simulation, the new simplified Hypothesis B method with Zhu and Yin method and US Navy
method for Ua, and from Hypothesis A method with US Navy method for Ua for
OCR=1, 1.5, and 2, respectively. Characteristics of these curves are similar to those in Figures 3, 4,
and 5. In overall, the curves from the new simplified Hypothesis B method with Zhu and Yin
method for Ua are closer to the dot lines from the Plaxis FE simulations than those from other two
simple methods. Again, Hypothesis A method underestimates the settlement a lot.

All values of the relative error are listed in Table IV(b). In both cases of Case III(8m) and
Case IV(8m) with OCR=1, 1.5, and 2, it can be observed in Table IV(b) that the values of
relative error are from 0.7% to 11.7% for the new simplified Hypothesis B method using Zhu
and Yin method for Ua and 0.1% to 36.1% for the new simplified Hypothesis B method using
US Navy method for Ua. The values of relative error are from 21.1% to 55.0% for the
Hypothesis A method with US Navy method for Ua. Again, the Hypothesis A method
underestimates the consolidation settlement a lot.

Some errors are caused by the approximation of US Navy method for estimating Ua. Zhu and Yin
[31] found that errors of US Navy method are very significant in some simplification cases of double
soil layers which are converted into one single soil layer. In order to predict the long-term
consolidation settlement as accurately as possible, Zhu and Yin method is recommended for
calculating Ua of a double soil layer profile.

6. CONCLUSIONS

Based on Hypothesis B and the ‘equivalent time’ concept [25, 26], a new simplified method is
presented to calculate the consolidation settlement of double layers of soils with creep for different
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stress–strain states. Two idealized soil layers with different total thickness values (4m and 8m) and
three different OCR values are considered for consolidation analysis to illustrate the applicability of
this new simplified Hypothesis B method. Zhu and Yin method and US Navy method are adopted
to obtain the average degree of consolidation for double soil layers. Four cases of the consolidation
of the double soil profile have been analyzed using a FE method with an elastic visco-plastic
constitutive model, the new simplified Hypothesis B method, and Hypothesis A method. Results are
presented and discussed. Main conclusions are drawn as follows:

a. It is found that the curves from the new simplified Hypothesis B method adopting Zhu and Yin
method for Ua are generally in good agreement with results from FE simulation. The relative er-
ror of this new method with Zhu and Yin method for Ua is from 0.9% to 8.5% for Case I(4m) and
Case III(8m), and from 1.0% to 11.7% for Case II(4m) and Case III(8m).

b. Curves from the new simplified Hypothesis B method adopting US Navy method for Ua are close
to those from the new method with Zhu and Yin method Ua in Case I(4m) and Case III(8m) as
well as those from the FE simulations. The differences and relative errors are big in Case II(4m)
and Case IV(8m). The relative error of this new method adopting US Navy method for Ua is from
0.1% to 7.3% for Case I(4m) and Case III(8m), and from 0.5% to 36.1% for Case II(4m) and
Case III(8m).

c. The consolidation settlements are all underestimated by using Hypothesis A method adopting US
Navy method for Ua in all cases. The relative error of the Hypothesis A method adopting US
Navy method for Ua is from 10.1% to 55.0% for all four cases.

d. According to the study in this paper, this new simplified Hypothesis B method adopting Zhu and
Yin method for calculating the average degree of consolidation is the most accurate method for
calculating the consolidation settlements of double layers of soils exhibiting creep.
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Abstract
It is well known that the calculation of consolidation settlements of clayey soils shall consider creep compression in both

‘‘primary’’ consolidation and so-called secondary consolidation periods. Rigorous Hypothesis B method is a coupled

method and can consider creep compression in the two periods. But this method needs to solve a set of nonlinear partial

differential equations with a proper elastic viscoplastic (EVP) constitutive model so that this method is not easy to be used

by engineers. Recently, Yin and his coworkers have proposed a simplified Hypothesis B method for single and two layers

of soils. But this method cannot consider complicated loadings such as loading, unloading and reloading. This paper

proposes and verifies a general simple method with a new logarithmic function for calculating consolidation settlements of

viscous clayey soils without or with vertical drains under staged loadings such as loading, unloading and reloading. This

new logarithmic function is suitable to cases of zero or very small initial effective stress. Equations of this simple method

are derived for complicated loading conditions. This method is then used to calculate consolidation settlements of clayey

soils in three typical cases: Case 1 is a single soil layer without vertical drains under loading only; Case 2 is a two-layered

soil profile with vertical drains subjected to loading, unloading and reloading; and Case 3 is a real case of a test

embankment on seabed of four soil layers installed with vertical drains under three stages of loading. Settlements of all

three cases using the new general simple methods are compared with values calculated using rigorous fully coupled finite

element method (FEM) with an elastic viscoplastic (EVP) constitutive model (Cases 1 and 2) and measured data for Case

3. It is found that the calculated settlements are in good agreement with values from FEM and/or measured data. It is

concluded that the general simple method is suitable for calculating consolidation settlements of layered viscous clayey

soils without or with vertical drains under complicated loading conditions with good accuracy and also easy to use by

engineers using spreadsheet calculation.

Keywords Clayey soil � Consolidation � Creep � Elastic viscoplastic � Settlement � Time-dependent

1 Introduction

In recent decades, many geotechnical structures have been

constructed on clayed soil ground, especially on seabed

with layered clayey soils and other soil types in many

coastal cities in the world. One typical example is two

artificial islands (5.10 km2 for runway one and 5.45 km2

for runway 2) of Kansai International Airport in Osaka,

Japan. Runway one was constructed starting in December

1986 and was open in September 1994. Runway two was

constructed in May 1999 and was open in August 2007.

The excessive settlements have been a problematic issue

[1]. In Hong Kong, a total area of 74 km2 was reclaimed on

seabed since 1887 to 2020. Recently, three large artificial
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islands were constructed on seabed as part of Hong Kong–

Zhuhai–Macao link project. In near future, more marine

reclamations will be constructed on seabed in Hong Kong

waters. Excessive settlements, especially long-term settle-

ments have been and will be a big concern. It is well known

that settlements of saturated clayey soils are caused by

dissipation of excessive pore water pressure in voids of

soils and also by viscous deformation of soil skeleton. The

stress–strain behaviour of the skeleton of clayey soils is

time-dependent due to the viscous nature of the skeleton

[6, 12, 19, 24]. Methods for calculating settlements of

saturated clayey soils shall consider the coupling process of

dissipation of excessive pore water pressure and viscous

deformation of soil skeleton.

Terzaghi [29] first presented a theory and equations for

analysis of the consolidation of soil in one-dimensional

(1D) straining (oedometer condition). But this theory

cannot consider viscous deformation of soil skeleton.

Later, improved methods were proposed, including meth-

ods based on Hypothesis A [20, 21] and other methods

based on Hypothesis B [2, 3, 6, 10, 11, 19, 15, 16].

Hypothesis A method assumes no creep compression dur-

ing the ‘‘primary’’ consolidation period, and the creep

compression occurs only in the ‘‘secondary’’ compression

starting at tEOP which is the time at End-Of-Primary con-

solidation. Yin and Feng [35] and Feng and Yin [9] pointed

out that Hypothesis A method normally underestimates the

total settlements due to ignoring creep compression in the

‘‘primary’’ consolidation period.

Hypothesis B is a coupled consolidation analysis using a

proper constitutive relationship for the time-dependent

stress–strain behaviour of clayey soils. Hypothesis B

method needs to solve a set of two partial equations: (i) an

equation derived based on mass continuity condition using

Darcy’s law and (i) a constitutive equation such Yin and

Graham’s [37] 1D elastic viscoplastic model (1D EVP)

[38]. Yin and Graham [38] used a finite difference method

to solve this set of equations. The computed settlements

and excessive pore water pressures were in good agreement

with measured data from tests done by Berre and Iversen

[5]. Yin and Graham [38] also found that Hypothesis A

method underestimated total settlements. Nash and Ryde

[22, 23] also used Hypothesis B method adopting 1D EVP

model [37] to analyse the consolidation settlement of an

embankment on soft ground with vertical drains. Their

computed settlements were in good agreement with mea-

sured values.

Hypothesis B method needs to solve a set of nonlinear

partial different equations, and a computer program is

needed. This method is difficult to be used by practicing

engineers without such computer program and without a

good knowledge of nonlinear constitutive model. To

overcome this limitation, Yin and Feng [35] and Feng and

Yin [9] proposed a decoupled simplified Hypothesis B

method for calculating settlements due to both excessive

porewater pressure dissipation and also due to creep

compression during and after the ‘‘primary’’ consolidation

period. The calculated settlements are in close agreement

with measured data and computed values using the fully

coupled Hypothesis B method with the aid of computer

software. However, this simplified method is neither suit-

able for complicated loading such as staged unloading and

reloading, nor for multiple layers of soils with vertical

drains. In this paper, authors propose and verify a general

simplified Hypothesis B method (also called a general

simple method) for calculating consolidation settlements of

layered clayey soils with or without vertical drains under

staged loadings including loading, unloading and reload-

ing. Such loading process is commonly used in practice. In

addition, a new logarithmic function, which has definition

at zero stress, is used in this method for calculating set-

tlements of soils at very small vertical effective stress.

2 Formulation of a general simple method
for calculating consolidation settlements
of multi-layered soils exhibiting creep
under staged loading

2.1 Formulation of a general simplified
Hypothesis B method

Figure 1 shows a soil profile with n-layers of soils with

corresponding thicknesses ðH1;H2; . . .HnÞ and depths

ðz1; z2; . . .znÞ. The total thickness of this profile is H. A

vertical drain with smear zone is shown in Fig. 1, where

dd ¼ 2rd is the diameter of a drain equal to twice radius rd
of the drain, ds ¼ 2rs is the diameter of a smear zone equal

to twice radius rs of the smear zone, de ¼ 2re is the

diameter of an equivalent unit cell equal to twice radius re
of the cell. It is noted that vertical drains are installed all in

the same triangular pattern or the same square pattern and

are subjected a uniform surcharge over all vertical drains.

Therefore, deformation of soils in all unit cells is approx-

imately in the vertical direction. Thus, soils in each unit

cell are assumed to be in 1D straining on average. 1D

straining constitutive models can be used, for example 1D

EVP model [36, 37]. If a horizontal soil profile has no

vertical drains, then dd ¼ ds ¼ 0 and de ¼ 1 in Fig. 1,

which is also suitable for multi-layered soils without ver-

tical drains.

Authors propose a general simplified Hypothesis B

method for calculating consolidation settlement of multi-

layered viscous soils with or without vertical drains under

any loading condition for the soil profile under uniform
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surcharge q(t) in Fig. 1. Formulation of this general simple

method is presented below:

StotalB ¼ Sprimary þ Screep ¼
Xj¼n

j¼1

UjSfj þ
Xj¼n

j¼1

Screepj

¼ U
Xj¼n

j¼1

Sfj þ
Xj¼n

j¼1

aUb
j Screep;fj

h

þ ð1 � aUb
j

� �
Screep;dj

i

for all t� tEOP;lab t� tEOP;fieldfor Screep;dj

� �

ð1Þ

The formulation in Eq. (1) is a de-coupled simplified

Hypothesis B method. The ‘‘de-coupled’’ means that

‘‘primary’’ consolidation settlement Sprimary is separated

from creep settlement Screep. The separation of ‘‘primary’’

consolidation from ‘‘secondary’’ compression for a labo-

ratory test is shown in Fig. 2. A normal soil specimen in

oedometer test has 20 mm in thickness with double drai-

nage so that the value of tEOP;lab in Fig. 2 is small with tens

of minutes only. tEOP;field in Eq. (1) is the End-Of-Primary

(EOP) time for soil layers in the field. The value of tEOP;field

may vary from a few years to tens of years depending on

the thickness and permeability of soils in the field. t24hrs in

Fig. 2 is the time with duration of 24 h in an oedometer

test, normally larger than tEOP;lab with

tEOP;lab\t24hrs\tEOP;field normally true. In practical appli-

cation, tEOP;lab will be replaced by the time t0, which is

conveniently adopted as 24 h with conventional oedometer

tests. The compression indices are calculated using test

data from the same duration of 24 h as t0. It shall be

pointed out that in Eq. (1), the items of Screep;dj will be zero

for t� tEOP;field and will become positive t[ tEOP;field.

In Eq. (1), ‘‘primary’’ consolidation settlement Sprimary

shall be calculated for multiple soil layers with or without a

vertical drain:

Sprimary ¼
Xj¼n

j¼1

UjSfj ¼ U
Xj¼n

j¼1

Sfj ð2Þ

where Uj is combined average degree of consolidation for

j-layer and U is combined average degree of consolidation

for all multiple soil layers with or without a vertical drain:

Uj ¼ 1 � ð1 � UvjÞð1 � UrjÞ ð3aÞ
U ¼ 1 � ð1 � UvÞð1 � UrÞ ð3bÞ

Equation (3) is called Carrillo’s (1942) formula where

Uvj and Urj or Uv and Ur are average degree of vertical

consolidation and radial consolidation for j-layer or mul-

tiple soil layers. If there is no vertical drain, Urj ¼ Ur ¼ 0,

from (3), Uj ¼ Uvj or U ¼ Uv. For multiple soil layers, the

superposition of the average degree of consolidation for

each layer is not valid since the continuation condition at

each interface of two layers must be satisfied. Sfj is the final

‘‘primary’’ consolidation at End-Of-Primary (EOP)

Fig. 1 A soil profile of n-layers with vertical drain subjected to uniform surcharge q(t) with time
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consolidation for j-layer. Sfj can be calculated using the

coefficient of volume compressibility mv or compression

indexes Cc, Cr of j-layer. More details on calculations of Sfj
and U are presented in the next section.

In Eq. (1), Screepj is creep settlement of soil skeleton in j-

layer and is equal to:

Screepj ¼ aUb
j Screep;fj þ 1 � aUb

j

� �
Screep;dj

for all t� tEOP;labðt� tEOP;field for Screep;djÞ
ð4aÞ

Equation (4a) can also be written as:

Screepj ¼
aUb

j Screep;fj for t� tEOP;lab

aUb
j Screep;fj þ 1 � aUb

j

� �
Screep;dj t� tEOP;field

8
<

:

ð4bÞ
where Uj is from Eq. (3a) with value from 0 to 1 only and b
is a power index with value from 0 to 1. Yin [33] used a

parameter a ¼ 1 without Ub
j . But this over-predicted total

consolidation settlement. Yin and Feng [35] and Feng and

Yin [9] used a ¼ 0:8 without Ub
j and gave results in close

agreement with measured data and values from rigorous

fully coupled consolidation modelling. In this paper, a

general term of aUb
j is suggested. See more examples later

in this paper on more accurate prediction results.

Screep;fj in Eqs. (1) or (4) is creep settlement of j-layer

under the ‘‘final’’ vertical effective stress after load

increased, ignoring the excess porewater pressure. Screep;dj

in Eqs. (1) or (4) is ‘‘delayed’’ creep settlement of j-layer

under the ‘‘final’’ vertical effective stress ignoring the

excess porewater pressure. Screep;dj starts for t� tEOP;field, in

other words, is ‘‘delayed’’ by time of tEOP;field to occur.

tEOP;field is the End-Of-Primary (EOP) of consolidation for

field condition of j-layer. More discussion on Screep;fj and

Screep;dj is in later section.

2.2 Calculation of Sfj

In Eq. (2), the total primary consolidation settlement

Sprimary is sum of settlements Sfj of all sub-layers multiplied

by an over-all average degree of consolidation U. This

section presents methods and solutions for calculating Sfj.

In the following calculations, in order to make all equations

and text in following paragraphs concise, the layer index

‘‘j’’ is removed, keeping in minds that these equations are

for one soil layer.

If the coefficient of volume compressibility mv is used

and vertical effective stress increment Dr
0
z and thickness H

are known for a soil j-layer, Sf for j-layer is:

Sf ¼ mvDr
0
zH ð5Þ

It is noted that mv is not a constant, depending on ver-

tical effective stress, and shall be used with care. For

clayey soils or soft soils, it is better to use Cc and Cr to

calculate Sf for higher accuracy. An oedometer test is

normally done on the same specimen in multi-stages.

According to British Standard 1377 [7], the standard

duration for each load shall normally last for 24 h. In this

paper, the indexes Cr; Cc and pre-consolidation stress

point ðr0
zp; ezpÞ are all determined from the standard

oedometer test with duration of 24 h (1 day), that is,

t24hrs ¼ 1 day, for each load and for each layer. The ide-

alized relationship between the vertical strain and the log

(effective stress) is shown in Fig. 3 with loading, unloading

and reloading states.

“Primary” consolidation period “Secondary” compression period 

,EOP labt
24hrst

B

(gol )t

A
,EOP labe

24hrse

e

,,log log log( / )
EOP

e
EOP lab EOP lab

e e e
C

t t t tα
− −Δ= =

−

eepolS Cα:

t

Fig. 2 Curve of void ratio versus log (time) and ‘‘secondary’’ compression coefficient
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Yin and Graham [36,37] and Yin [31] pointed out lim-

itations of using a logarithmic function for fitting creep

curve of log(time) and strain, when time is zero. In 1D EVP

model, Yin and Graham [36,37] introduced a time

parameter to in a logarithmic function to care creep starting

from time zero. In many real cases, the vertical effective

stress r
0
z is zero or very near zero, for example, r

0
z at sur-

face or near surface of seabed soils or soil ground. If a

normal logarithmic function is used for fitting compression

curve of log(effective stress) and strain, when the stress is

zero, the strain is infinite. To overcome this problem, a unit

stress r0unit is added to the logarithmic function in this paper

and was also in Yin’s a nonlinear logarithmic-hyperbolic

function in [32]. Adding r0unit in linear logarithmic stress

function is particularly necessary for very soft soils in a soil

ground with initial effective stress zero at the top of the

surface. For example, the initial vertical effective stress at

the top surface in soft Hong Kong Marine Clay (HKMC) in

seedbed is zero.

As shown in Fig. 3 and assuming stresses in each layer

are uniform, the final settlements Sf for j-layer in Eq. (2)

for six cases are calculated as follows by adding r0unit1 and

r0unit2 in a new logarithmic stress function for elastic

compression (OCL) and elastic–plastic (NCL) compres-

sion separately.

(i) Loading from point 1 to point 2 with OCR ¼
r

0
zp=r

0
z1 and point 2 in OCL:

Sf ;1�2 ¼ ez;1�2H

¼ Cr

1 þ eo
log r0z2 þ r0unit1

�
r0z1 þ r0unit1

� �
H

ð6aÞ
The ez;1�2 is the vertical strain increase due to

stress increases from r
0
z1 to r

0
z2. The OCR is over-

consolidation ratio, and OCL is an over-consoli-

dation line. If r0unit1 is zero, (6a) goes back to

conventional logarithmic stress function. The

value of r0unit1 is from 0.001 kPa to 1 kPa. For very

soft soils, r
0
unit1 takes values close to 0.01 kPa.

Similar strain increase symbols are used in the

following equations. Equation (6a) can avoid sin-

gularity problem at initial stress zero (r
0
z1 ¼ 0) and

is good for very soft soils, such as slurry under

self-weight consolidation.

(ii) Loading from point 1 to point 4 with OCR ¼
r0zp=r

0
z1 [ 1 and point 4 in NCL:

Sf ;1�4 ¼ ez;1�4H ¼
Cr=1 þ eo log r

0
zp þ r

0
unit1

.
r

0
z1 þ r

0
unit1

� �h

þ Cc

1 þ eo
log r

0
z4 þ r

0
unit2

.
r

0
zp þ r

0
unit2

� ��
H

ð6bÞ
NCL is a normal consolidation line. Adding

Fig. 3 Relationship of strain (or void ratio) and log(effective stress) with different consolidation states
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r0unit1 and r0unit2 in Eq. (6b) can avoid singularity

problem at initial stress zero (r
0
z1 ¼ r

0
zp ¼ 0).

(iii) Loading from point 3 to point 4 with OCR ¼
r

0
zp=r

0
z3 ¼ 1 and point 4 in NCL:

Sf ;3�4 ¼ ez;3�4H ¼ Cc=1

þeo log r
0
z4 þ r

0
unit2

.
r

0
zp þ r

0
unit2

� �
H

ð6cÞ

(iv) Unloading from point 4 to point 6:

Sf ;4�6 ¼ ez;4�6H ¼ Cr=1

þeo log r
0
z6 þ r

0
unit1

.
r

0
z4 þ r

0
unit1

� �
H

ð6dÞ

(v) Reloading from point 6 to point 5:

Sf ;6�5 ¼ ez;6�5h ¼ Cr=1

þeo log r
0
z5 þ r

0
unit1

.
r

0
z6 þ r

0
unit1

� �
h

ð6eÞ

(vi) Reloading from point 6 to point 7:

Sf ;6�7 ¼ ez;6�7H ¼
Cr=1 þ eo log r

0
z4 þ r

0
unit1

.
r

0
z6 þ r

0
unit1

� �h

þ Cc

1 þ eo
log r

0
z7 þ r

0
unit2

.
r

0
z4 þ r

0
unit2

� ��
H

ð6fÞ

However, the initial stresses and stress increments in a

clayey soil layer are not uniform; Eq. (6) cannot be used.

There are two approaches to consider this non-uniform

stress as below.

(a) Dividing j-layer into sub-layers

A general method is to divide this soil layer into sub-layers

with smaller thickness, say, 0.25 m to 0.5 m, which has

been adopted by previous studies [35, 40]. The stresses and

parameters in each sub-layer are considered uniform and

constant. The final settlement Sf for j-layer is sum of set-

tlements of all sub-layers [9, 35]. For each sub-layer with

uniform stresses, equations in Eqs. (6a–6f) can be used

depending on the initial and final stress points. This method

is flexible and valid for complicated cases in which vertical

stress and pre-consolidation pressure may not be uniform.

(b) Special case of constant parameters Cc;Cr and linear

changes of initial stresses, stress increments, and pre-

consolidation pressure for j-layer

For a clayey soil layer of thickness H, Cc;Cr are often

constant, but stresses may vary with depth z. Figure 4

shows linear changes of initial vertical effective stress,

total vertical effective stress, vertical pre-consolidation

stress for a soil layer. Linear changes are in following

equations:

r
0
z1 ¼ r

0
z1;0 þ

z

H
r

0
z1;H � r

0
z1;0

� �
ð7aÞ

r
0
zp ¼ r

0
zp;0 þ

z

H
r

0
zp;H � r

0
zp;0

� �
ð7bÞ

r
0
z ¼ r

0
z4;0 þ

z

H
r

0
z4;H � r

0
z4;0

� �
ð7cÞ

where r
0
z1 is the initial vertical effective stress. It is noted

that the increase of pre-consolidation stress (or pressure)

r
0
zp may not be as fast as the total vertical effective stress r

0
z

as shown in Fig. 4. Therefore, there is a point which r
0
zp ¼

r
0
z at depth zp. Let us consider a general case of loading

from point 1 to point 4, the calculation of settlements of j-

layer for four different cases are in following.

(i) Normal consolidation case: OCR ¼ r
0
zp=r

0
z1 ¼ 1.

In this case, initial effective stress r
0
z1 and pre-consoli-

dation stress r
0
zp are the same, after the stress increase,

r
0
z [ r

0
zp ¼ r

0
z1. In this case, Sf ;1�4 is:

Sf ;1�4 ¼
Zz¼H

z¼0

ez;1�4dz

¼
Zz¼H

z¼0

Cc

1 þ eo
log r

0
z þ r

0
unit2

.
r

0
zp þ r

0
unit2

� �
dz ð8aÞ

Substituting Eq. (6) into the above equation:

Fig. 4 Linear changes of initial vertical effective stress (r
0
z1), total

vertical effective stress (r
0
z), vertical pre-consolidation stress (r

0
zp) for

a soil layer
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Sf ;1�4 ¼
Zz¼H

z¼0

Cc

ð1 þ eoÞ lnð10Þ ln
r

0
z4;0 þ z

H r
0
z4;H � r

0
z4;0

� �
þ r

0
unit2

r0
z1;0 þ z

H r0
z1;H � r0

z1;0

� �
þ r0

unit2

2
4

3
5dz

¼ Cc

ð1 þ eoÞ lnð10Þ
Zz¼H

z¼0

ln r
0
z4;0 þ

z

H
r

0
z4;H � r

0
z4;0

� �
þ r

0
unit2

h i
dz

8
<

:

�
Zz¼H

z¼0

ln r
0
z1;0 þ

z

H
r

0
z1;H � r

0
z1;0

� �
þ r

0
unit2

h i
dz

9
=

;

Let us introduce a new variable x ¼ r
0
z4;0 þ

z
H r

0
z4;H � r

0
z4;0

� �
þ r

0
unit2 and y ¼ r

0
z1;0 þ z

H r
0
z1;H � r

0
z1;0

� �

þr
0
unit2; we have dz ¼ H= r

0
z4;H � r

0
z4;0

� �h i
dx and

dz ¼ H= r
0
z1;H � r

0
z1;0

� �h i
dy. Noting that for z ¼ 0 and H,

we have xz¼0 ¼ r
0
z4;0 þ r

0
unit2 and xz¼H ¼ r

0
z4;H þ r

0
unit2;

yz¼0 ¼ r
0
z1;0 þ r

0
unit2 and yz¼H ¼ r

0
z1;H þ r

0
unit2. The above

equation can be written as:

Since
R

ln xdx ¼ x ln x� x and
R

ln ydy ¼ y ln y� y, the

above equation becomes:

From above, we have:

Sf ;1�4 ¼ Cc

ð1 þ eoÞ lnð10Þ
H

ðr0
z4;H � r0

z4;0Þ

(
½ðr0

z4;H þ r
0
unit2Þ

lnðr0
z4;H þ r

0
unit2Þ � ðr0

z4;H þ r
0
unit2Þ�

ððr0
z4;0 þ r

0
unit2Þ lnðr0

z4;0 þ r
0
unit2Þ � ðr0

z4;0 þ r
0
unit2ÞÞ�

� H

ðr0
z1;H � r0

z1;0Þ
½ðr0

z1;H þ r
0
unit2Þ lnðr0

z1;H þ r
0
unit2Þ

� ðr0
z1;H þ r

0
unit2Þ � ððr0

z1;0 þ r
0
unit2Þ lnðr0

z1;0 þ r
0
unit2Þ

�ðr0
z1;0 þ r

0
unit2ÞÞ�

o

ð8bÞ
(ii) Over-consolidation case: OCR ¼ r

0
zp=r

0
z1 [ 1 and

r
0
z � r

0
zp for 0� z�H.

Figure 4 shows a case commonly encountered in the

field. Initially, the soil is over-consolidated with

OCR ¼ r
0
zp=r

0
z1 [ 1. After increased loading

Dr
0
z ¼ r

0
z � r

0
z1 , we have and r

0
z � r

0
zp for 0� z�H. In

this case, we have:

Sf ;1�4 ¼
Zz¼H

z¼0

ez;1�4dz ¼
Zz¼H

z¼0

Cr

1 þ eo
log

r
0
zp þ r

0
unit1

r0
z1 þ r0

unit1

 !
þ Cc

1 þ eo
log

r
0
z þ r

0
unit2

r0
zp þ r0

unit2

 !" #

dz

ð8cÞ

Sf ;1�4 ¼ Cc

ð1 þ eoÞ lnð10Þ
Zx¼r
0
z4;Hþr

0
unit2

x¼r
0
z4;0

þr
0
unit2

H

r0
z4;H � r0

z4;0

� � ln xdx�
Zy¼r
0
z1;Hþr

0
unit2

y¼r
0
z1;0

þr
0
unit2

H

r0
z1;H � r0

z1;0

� � ln ydy

8
>><

>>:

9
>>=

>>;

Sf ;1�4 ¼ Cc

ð1 þ eoÞ lnð10Þ
H

r0
z4;H � r0

z4;0

� � x ln x� x½ �x¼r
0
z4;Hþr

0
unit2

x¼r
0
z4;0

þr
0
unit2

� H

r0
z1;H � r0

z1;0

� � y ln y� y½ �y¼r
0
z1;Hþr

0
unit2

y¼r
0
z1;0

þr
0
unit2

8
<

:

9
=

;
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Substituting equations in (6) for r
0
z1; r

0
zp; r

0
z into (8c) and

using the same method in (i), the integration of above

equation is:

Sf ;1�4 ¼ Cr

ð1 þ eoÞ lnð10Þ
H

ðr0
zp;H � r0

zp;0Þ
½ðr0

zp;H þ r
0
unit1Þ

(

lnðr0
zp;H þ r

0
unit1Þ � ðr0

zp;H þ r
0
unit1Þ�

ððr0
zp;0 þ r

0
unit1Þ lnðr0

zp;0 þ r
0
unit1Þ � ðr0

zp;0 þ r
0
unit1ÞÞ�

� H

ðr0
z1;H � r0

z1;0Þ
½ðr0

z1;H þ r
0
unit1Þ lnðr0

z1;H þ r
0
unit1Þ

� ðr0
z1;H þ r

0
unit1Þ � ððr0

z1;0 þ r
0
unit1Þ lnðr0

z1;0 þ r
0
unit1Þ

� ðr0
z1;0 þ r

0
unit1ÞÞ�gþ

Cc

ð1 þ eoÞ lnð10Þ
H

ðr0
z4;H � r0

z4;0Þ

(
½ðr0

z4;H þ r
0
unit2Þ

lnðr0
z4;H þ r

0
unit2Þ � ðr0

z4;H þ r
0
unit2Þ�

ððr0
z4;0 þ r

0
unit2Þ lnðr0

z4;0 þ r
0
unit2Þ � ðr0

z4;0 þ r
0
unit2ÞÞ�

� H

ðr0
zp;H � r0

zp;0Þ
½ðr0

zp;H þ r
0
unit2Þ lnðr0

zp;H þ r
0
unit2Þ

� ðr0
zp;H þ r

0
unit2Þ � ððr0

zp;0 þ r
0
unit2Þ lnðr0

zp;0 þ r
0
unit2Þ

�ðr0
zp;0 þ r

0
unit2ÞÞ�

o

ð8dÞ
(iii) Over-consolidation case: OCR ¼ r

0
zp=r

0
z1 [ 1 and

r
0
z\r

0
zp for 0� z� zp.

Figure 4 shows a case in which OCR ¼ r
0
zp=r

0
z1 [ 1, but

r
0
z\r

0
zp for 0� z� zp and r

0
z � r

0
zp for zp � z�H. In this

case, the settlement calculation shall consider depth zp:

Sf ;1�4 ¼
Zz¼H

z¼0

ez;1�4dz

¼

Zz¼zp

z¼0

Cr

1 þ eo
log

r
0
z þ r

0
unit1

r0
z1 þ r0

unit1

 !
dz for 0� z� zp

Zz¼H

z¼zp

Cr

1 þ eo
log

r
0
zp þ r

0
unit1

r0
z1 þ r0

unit1

 !"

þ Cc

1 þ eo
log

r
0
z þ r

0
unit2

r0
zp þ r0

unit2

 !#
dz for zp � z�H

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

ð8eÞ
Linear equations in Eq. (6) for r

0
z1; r

0
zp; r

0
z can be sub-

stituted into Eq. (8e). Analytical integration solution can be

obtained using the same method in (i) and is not presented

here. Equations like Eq. (8) can be obtained for other

loading, unloading, and reloading cases with linear changes

of stresses and are not discussed here.

In many calculations, mv is needed, for example, in

Eq. (5) and cv ¼ kv=ðmvcwÞ and cr ¼ kr=ðcwmvÞ in order to

calculate Uv and Ur. If indexes Cr; Cc and pre-consolida-

tion stress point ðr0
zp; ezpÞ are used to calculate final set-

tlements in Eqs. (6, 7 and 8), the coefficient of vertical

volume compressibility mv can be back-calculated as.

(i) For the case of Eq. (6b) in normal loading:

mv;1�4 ¼ Sf ;1�4

H r0
z4 � r0

z1

� � ð9aÞ

(ii) For the case of Eq. (6d) in unloading:

mv;4�6 ¼ Sf ;4�6

H r0
z4 � r0

z6

� � ð9bÞ

In Eqs. (9a) and (9b), settlements and stress increments

are known so that mv corresponding to the same stress

increment can be calculated. In Eq. (9b), Sf ;4�6 and ðr0
z4 �

r
0
z6Þ are both negative so that mv;4�6 is positive. The cal-

culation method for mv in Eqs. (9a) and (9b) can be applied

to other different loading stages.

2.3 Calculation of Uj and U

In Eqs. (1) and (2), an average degree of consolidation Uj

for j-layer or over-all average degree of consolidation U is

needed. The basic definition of Uj for j-layer is:

Uj ¼ SjðtÞ
Sfj

¼

Rz¼Hj

z¼0

mvjDr
0
zjðtÞdz

Rz¼Hj

z¼0

mvjDr
0
zjf dz

¼

Rz¼Hj

z¼0

½ueij � uejðtÞ�dz

Rz¼Hj

z¼0

ueijdz

¼ 1 �

Rz¼Hj

z¼0

uejðtÞdz

Rz¼Hj

z¼0

ueijdz

ð10aÞ
where Sfj is the final settlement for j-layer using mvj and

Dr
0
zjf , calculated using Eq. (5). It is noted that the final

vertical effective stress increment Dr
0
zjf is equal to the

initial excess pore water pressure ueij for j-layer. uejðtÞ is

the excess pore water pressure at time t for j-layer. Equa-

tion (10a) can be written as:
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Uj ¼ 1 �
1
Hj

Rz¼Hj

z¼0

uejðtÞdz

1
Hj

Rz¼Hj

z¼0

ueijdz

¼ 1 � uejðtÞ
ueij

ð10bÞ

where ueij and uej are the average initial and current excess

porewater pressures, respectively, t for j-layer. The over-all

average degree of consolidation U is:

U ¼ Sprimary

Sf
¼
Pj¼n

j¼1 SjðtÞPj¼n
j¼1 Sfj

¼
Pj¼n

j¼1

R z¼Hj

z¼0
mvjDr

0
zjðtÞdzPj¼n

j¼1

R z¼Hj

z¼0
mvjDr

0
zjf dz

¼ 1 �
Pj¼n

j¼1 mvj

R z¼Hj

z¼0
uejðtÞdz

Pj¼n
j¼1 mvj

R z¼Hj

z¼0
ueijdz

ð11aÞ
From Eq. (10a), uejðtÞ ¼ ð1 � UjÞueij. Using this rela-

tion, (11a) can be written:

U ¼1 �
Pj¼n

j¼1 mvj
Hj

Hj

R z¼Hj

z¼0
uejðtÞdz

Pj¼n
j¼1 mvj

Hj

Hj

R z¼Hj

z¼0
ueijdz

¼

1 �
Pj¼n

j¼1 mvjHjuejðtÞ
Pj¼n

j¼1 mvjHjueij
¼ 1 �

Pj¼n
j¼1 mvjHjð1 � UjÞueijÞ
Pj¼n

j¼1 mvjHjueij

¼ 1 �
Pj¼n

j¼1 mvjHjueij �
Pj¼n

j¼1 mvjHjUjueij
Pj¼n

j¼1 mvjHjueij

¼
Pj¼n

j¼1 mvjHjueijUj
Pj¼n

j¼1 mvjHjueij

ð11bÞ
Attention shall be paid to the definition and differences

of Uj and U. The following paragraphs summarize existing

solutions for Uv, Ur, Uj and U.

The early analytical solutions were obtained by Terzaghi

[29] for a single soil layer with thickness H under suddenly

applied load for 1-D straining. Charts of these solutions can

be found in Craig’s Soil Mechanics Knappett [17]. For

double drainage with linear excess pore water pressure ue
distribution or one-way drainage with uniform ue distri-

bution, the following appreciate equation is good and

simple to calculate Uv:

For Uv\0:6 : Tv ¼ p
4
U2

v ; Uv ¼
ffiffiffiffiffiffiffi
4Tv
p

r

For Uv � 0:6 : Tv ¼ �0:944 logð1 � UvÞ � 0:085;

Uv ¼ 1 � 10� Tvþ0:085
0:933

8
>>>><

>>>>:

ð12aÞ
If we assume that when Uv ¼ 98%, ue � 0; time at Uv ¼

98% is selected as time at EOP in the field tEOP;field. We

have:

Tv ¼ �0:944 logð1 � UvÞ � 0:085 ¼ 0:150 ð12bÞ

tEOP;field ¼ Tvd
2

cv
¼ 1:50d2

cv
ð12cÞ

where d is the maximum drainage path of a soil layer, if

double drainage, d ¼ H=2, cv is the coefficient of vertical

consolidation.

To consider ramp loading as shown in Fig. 4, a simple

correction method for Uv proposed by Terzaghi [29] can be

used. Solutions to 1-D consolidation under depth-depen-

dent ramp load and to special 1-D consolidation problems

can be found in Zhu and Yin [41, 48] Solutions to double

soil layers without vertical drains under ramp load can be

found in Zhu and Yin [43]. Solutions to 2-D consolidation

of a single soil layer with vertical drains under ramp load

were obtained by Zhu and Yin [45 , 46 , 47]. Solutions to

2-D consolidation of a single soil layer with vertical drains

without well resistance under suddenly applied load were

obtained by Barron [4]. Hansbo [14] presented analytical

solution to consolidation problem of a soil with vertical

drains considering both smear zone and well resistance

under suddenly applied load under equal vertical strain

assumption.

Solutions to consolidation problem of a stratified soil

with vertical and horizontal drainage under ramp loading

were obtained by Walker and Indraratna [26] and Walker

et al. [27] using a spectral method. The main partial dif-

ferential equation for the average excess pore water pres-

sure u using spectral method is:

mv

mv

ou

ot
¼ � dTr

g
g
u� dTv

o

oZ

kv

kv

	 

ou

oZ
þ kv

kv

o2u

oZ2

	 
� �

þ mv

mv

or
ot

þ dTr
g
g
w

ð13aÞ
where g ¼ kr

r2
el
; dTv ¼ cv

H2 ; dTr ¼ 2g
cwmv

; cv¼ kv
cwmv

; Z ¼ z
H.

Vertical and horizontal drainages are considered simulta-

neously in Eq. (13a). All parameters are explained below:

u: averaged excess pore water pressure (averaged along

radial coordinate r) at depth Z, a function of time t and Z.

r: average total stress (averaged along r) at depth Z, a

function of time t and Z.

w: water pressure applied on the vertical drains, varying

with depth Z, which is zero without vacuum pre-loading

pressure.

rw: unit weight of water.

kr: the horizontal permeability coefficient of the undis-

turbed soil, a function of Z.

mv: coefficient of volume compressibility (assumed the

same in smear and undisturbed zone), calculated using total

incremental strain resulted from primary consolidation

under total stress increment, and a function of Z.

Acta Geotechnica

123



Parameters kv, mv and g can be depth-dependent in a

piecewise linear way or kept constant within each layer. kv,

mv and g are convenient reference values at certain depth;

for example, values kv;j¼1, mv;j¼1 and gj¼1 of layer 1. If so,

cv¼kv=cwmv ¼ kv;j¼1=cwmv;j¼1 ¼ cv;j¼1. g ¼ kr=r
2
el ¼

kr;j¼1=r
2
el ¼ gj¼1. All the parameters in Eq. (13a) have

been normalized and may be different for different soil

layers. (No layer index is used here to make presentation

concise.) Normalized parameters in Eq. (13a) are: mv=mv,

g=g, k=kv.

The parameter g ¼ kr=ðr2
elÞ is related to radial perme-

ability kr, equivalent radius re of cylinder cell, and l. If

there is no horizontal drainage in a soil layer, kr ¼ 0 to that

g ¼ 0. This is useful for consolidation analysis of soils with

partially penetrating vertical drains. All soil layers below

vertical drains have g ¼ 0. Walker and Indraratna [26] and

Walker et al. [27] discussed that their method can also

simulate the effect of using long and short drains in unison.

For example, in lower soil layers where only long drains

are installed, g shall have smaller value than that of upper

soil layers where both short and long drains are present.

l inside g is a dimensionless drain geometry/smear zone

parameter. Expressions for l can be taken as the following

by considering effects of smear zone, well resistance, or

approximation [14]:

l ¼ n2

n2 � 1
ln
n

s
� 3

4
þ kr

ks
ln s

	 

þ s2

n2 � 1
1 � s2

4n2

	 


þ kr
ks

1

n2 � 1

s4 � 1

4n2
� s2 þ 1

	 


þ pzð2l� zÞ kr
qw

1 � 1

n2

	 


ð13bÞ
In (13b), Tr ¼ crt

r2
e
; n ¼ re

rd
; s ¼ rs

rd
. qw ¼ kwpr2

w is the

specific discharge capacity of drain (vertical hydraulic

gradient i = 1). z is the vertical coordinate in Fig. 1 and l is

the length of drain when closed at bottom or a half of drain

when bottom is open. If hydraulic resistance of vertical

drains is zero, this means qw ¼ kwpr2
d ) 1. (13b) can be

simplified:

l ¼ n2

n2 � 1
ln
n

s
� 3

4
þ kr

ks
ln s

	 

þ s2

n2 � 1
1 � s2

4n2

	 


þ kr
ks

1

n2 � 1

s4 � 1

4n2
� s2 þ 1

	 


ð13cÞ
Walker and Indraratna [28] also provided an expression

for l considering parabolic smear zone permeability but

ignoring smear zone:

l ¼ ln
n

s
� 3

4
þ j s� 1ð Þ2

s2 � 2jsþ jð Þ ln
sffiffiffi
j

p

� s s� 1ð Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j j� 1ð Þp

2 s2 � 2jsþ jð Þ ln

ffiffiffi
j

p þ ffiffiffiffiffiffiffiffiffiffiffi
j� 1

p
ffiffiffi
j

p � ffiffiffiffiffiffiffiffiffiffiffi
j� 1

p
	 


ð13dÞ

where j is the ratio of undisturbed horizontal permeability

kr to smear zone permeability kso at the drain/soil interface,

(at r ¼ rd, ks ¼ ks0). At r ¼ rs, ks ¼ kr.

Walker and Indraratna [26] provided an Excel spread-

sheet calculation program implemented with VBA program

named SPECCON to enable convenient adoption of this

method for consolidation analysis of multiple soils layers

with or without vertical drains. After inputted all parame-

ters and load r, this program gives excess pore water

pressure at time t uejðtÞ for j-layer and ueðtÞ for all layers

together. The combined average degree of consolidation Uj

for each j-layer is calculated using Eq. (10a). The overall

combined average degree of consolidation U for all layers

shall be calculated using Eq. (11a) or Eq. (11b). Once Uj

and U with time t are known, total ‘‘primary’’ consolidation

settlement Sprimary can be calculated using Eq. (2).

2.4 Calculation of Screep , Screepj, Screep;fj
and Screep;dj

In Eqs. (1) or (4b), the total creep settlement Screep of all

layers together is sum of Screepj for all layers. This is a

simple superposition. The key items for calculating Screepj

are Screep;fj and Screep;dj.

(a) Calculation of Screep;fj for different stress–strain states

Creep settlement Screep;fj of j-layer is calculated as creep

compression under the ‘‘final’’ vertical effective stress

ignoring coupling of excess porewater pressure nor any

ramp loading process. This is an ideal case in order to de-

couple this consolidation problem. To consider creep

compression occurred in ‘‘primary’’ consolidation starting

from time zero, the void ratio e due to creep is [36, 37]:

e ¼ eo � Cae log
to þ te
to

ð14Þ

where Cae is a creep parameter; to is another creep

parameter; te is ‘‘equivalent time’’ defined by Yin and

Graham [36, 37] and eo is the initial void ratio at te ¼ 0: In

this study, Cae is considered constant as a common practice

in engineering. Yin [32] proposed a nonlinear creep model

which considers the creep limit with time and the

decreasing trend of Cae with effective stress, which shows

advantages in very long-term settlement calculations [8].

For settlement calculation of settlements of most soft soils

in a normal service life (say 50 years) of a geotechnical

structure, it is still reliable and convenient to adopt constant

values of Cae to avoid lengthy equations as much as
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possible [9, 35]. According to the ‘‘equivalent time’’ con-

cept [31, 33, 34, 36, 37], the total strain ez at any stress–

strain state in Fig. 3 can be calculated by the following

equation:

ez ¼ ezp þ
Cc

V
log

r
0
z

r0
zp

þ Cae

V
log

to þ te
to

ð15Þ

where ezp þ Cc

V log
r
0
z

r0zp
is the strain on the normal consoli-

dation line (NCL) under stress r
0
z (also called ‘‘reference

time line’’ and noting initial specific volume V ¼ 1 þ eo)

and Cae
V log toþte

to
is the creep strain occurring from the NCL

under the same stress r
0
z. The above equation is valid for

any 1-D loading path. The calculation of Screep;fj is depen-

dent on the final stress–strain state ðr0
z; ezÞ. To make pre-

sentation concise, in the following equations, layer index j,
are removed.

(i) The final stress–strain point is on an NCL line, for

example at point 4

The final creep settlement for any point on NCL line is:

Screep;f ¼ Cae

1 þ eo
log

to þ te
to

	 

H for te � 0 ð16aÞ

For a suddenly applied load kept for a duration time t,

we have te ¼ t � to. Submitting the above relation into

(16a), we have:

Screep;f ¼ Cae

1 þ eo
log

t

to

	 

H for t� 1 day ð16bÞ

Noting to ¼ 1 day since Cr and Cc are determined

using data with 1-day duration. In (16a), if t ¼ 1 day, from

te ¼ t � to, te ¼ 1 � 1 ¼ 0. This means that at time

t ¼ 1 day, creep settlement Screep;f on NCL is zero.

According to elastic viscoplastic (EVP) modelling theory

[36, 37], the compression strain rate is the sum of elastic

strain rate and viscoplastic strain rate. The NCL line in

Fig. 3, in fact, has included both elastic strain and vis-

coplastic strain (or creep strain). The creep settlement in

(16a) is additional creep compression starting from 1 day

or below NCL.

(ii) The final stress–strain point is on an OCL line, for

example at point 2

Consider a sudden load increase from point 1 to point 2,

which is kept unchanged with a duration time t. The final

creep settlement for any point, for example point 2, on

over-consolidation line (OCL) is:

Screep;f ¼ Cae

1 þ eo
log

to þ te
to þ te2

	 

H for te � te2 ð16cÞ

(16c) can be re-written with Dezcreep included:

Screep;f ¼ Cae

1 þ eo
log

to þ te
to

	 

� Cae

1 þ eo
log

to þ te2

to

	 
� �
H

¼ DezcreepH

Referring to Fig. 3, it is seen that Cae
1þeo

log toþte2

to

� �
is the

strain from point 2
0

to point 2, while Cae
1þeo

log toþte
to

� �
is the

strain from point 2
0

to a point below point 2 downward.

The increased strain for further creep done from point 2 is

Dezcreep, which is used to calculate creep settlement Screep;f

under loading at point 2. It is noted that the relationship

between te and the creep duration time t under the stress r
0
z2

is te ¼ te2 þ t � to. te2 here or in (16c) can be calculated

below. Using Eq. (15), at point 2 of ðr0
z2; ez2Þ, we have:

ez2 ¼ ezp þ
Cc

V
log

r
0
z2

r0
zp

þ Cae

V
log

to þ te2

to

From the above, we have:

log
to þ te2

to
¼ ðez2 � ezpÞ

V

Cae
� Cc

Cae
log

r
0
z2

r0
zp

te2 ¼ to � 10ðez2�ezpÞ V
Cae

r
0
z2

r0
zp

 !� Cc
Cae

�to ð16dÞ

It is seen from (16d) that the equivalent time te2 at point

2 is uniquely related to the stress–strain state point

ðr0
z2; ez2Þ. Substituting te ¼ te2 þ t � to into (16c), we have:

Screep;f ¼ Cae

1 þ eo
log

t þ te2

to þ te2

	 

H t� 1 day ð16eÞ

If we consider unloading from point 4 to point 6 in

Fig. 3, using the same approach above, we can derive the

following equations:

te6 ¼ to � 10ðez6�ezpÞ V
Cae

r
0
z6

r0
zp

 !� Cc
Cae

�to ð16fÞ

Screep;f ¼ Cae

1 þ eo
log

to þ te
to þ te6

	 

H ¼ Cae

1 þ eo
log

t þ te6

to þ te6

	 

H

t� 1 day

ð16gÞ
Reloading from point 6 to point 5:

te5 ¼ to � 10ðez5�ezpÞ V
Cae

r
0
z5

r0
zp

 !� Cc
Cae

�to ð16hÞ

Screep;f ¼ Cae

1 þ eo
log

to þ te
to þ te5

	 

H ¼ Cae

1 þ eo
log

t þ te5

to þ te5

	 

H

t� 1 day

ð16iÞ
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(b) Calculation of Screep;dj for different stress–strain

states.

Screep;dj is called ‘‘delayed’’ creep settlement of j-layer

under the ‘‘final’’ vertical effective stress ignoring the

excess porewater pressure. Screep;dj starts for t� tEOP;field,

that is, is ‘‘delayed’’ by time of tEOP;field. The selection of

time at EOP is subjective since the separation of ‘‘primary’’

consolidation from ‘‘secondary’’ compressions is not sci-

entific and subjective. In the general simple method, the

time at Uj ¼ 98% is considered to be the time at EOP, that

is, tEOP;field for field condition for j-layer [35]. Equa-

tion (12c) or other solutions for Uj can be used to calculate

tEOP;field for a single-layer case. Equations for calculating

Screep;dj for different ‘‘final’’ stress–strain state are pre-

sented below. The layer index j is removed in following

equations.

(i) The final stress–strain point is on an NCL line, for

example at point 4.

Equation (16a) is the final creep settlement for any point

on NCL line for te � 0 or t� 1 day:

Screep;f ¼ Cae

1 þ eo
log

to þ te
to

	 

H te � 0

Screep;d is delayed by tEOP;field:

Screep;d ¼ Cae

1 þ eo
log

to þ te
to

	 

H

� Cae

1 þ eo
log

to þ te;EOP;field

to

	 

H

¼ Cae

1 þ eo
log

to þ te
to þ te;EOP;field

	 

H for te � te;EOP;field

ð17aÞ
Noting *te ¼ t � to )te;EOP;field ¼ tEOP;field � to. Sub-

stituting these time relations into (17a):

Screep;d ¼ Cae

1 þ eo
log

t

tEOP;field

	 

H for t� tEOP;field ð17bÞ

In (17b) Screep;d is calculated for t� tEOP;field, that is,

‘‘delayed’’ by time tEOP;field.

(ii) The final stress–strain point is on an OCL line, for

example at point 2.

The final creep settlement at point 2 is:

Screep;f ¼ Cae

1 þ eo
log

t þ te2

to þ te2

	 

H

for te � te2 or t� to ¼ 1 day

Screep;d is delayed by tEOP;field:

Screep;d ¼ Cae

1 þ eo
log

t þ te2

to þ te2

	 

H

� Cae

1 þ eo
log

tEOP;field þ te2

to þ te2

	 

H

Screep;d ¼ Cae

1 þ eo
log

t þ te2

tEOP;field þ te2

	 

H for t� tEOP;field

ð18aÞ
When t ¼ tEOP;field, Screep;d in (18a) is zero.

Using the same approach, at point 6:

Screep;d ¼ Cae

1 þ eo
log

t þ te6

tEOP;field þ te6

	 

H for t� tEOP;field

ð18bÞ
at point 5:

Screep;d ¼ Cae

1 þ eo
log

t þ te5

tEOP;field þ te5

	 

H for t� tEOP;field

ð18cÞ

3 Consolidation settlements of a clay layer
with OCR = 1 or 1.5 from general simple
method and fully coupled consolidation
analyses

In this section, consolidation settlements of an idealized

horizontal layer of Hong Kong Marine Clay (HKMC) are

calculated using the simplified Hypothesis B method and

two fully coupled finite element (FE) consolidation models.

This HKMC layer has 4 m in thickness and is free drained

on the top surface and impermeable at the bottom. Over-

consolidation ratio (OCR) is OCR = 1 or 1.5. Two FE

programs are used for fully coupled consolidation analysis

of the HKMC layer: one is software ‘‘Consol’’ developed

by Zhu and Yin [42, 44] and the other one is Plaxis soft-

ware (2D 2015 version) Plaxis [25]. In the ‘‘Consol’’

analysis, a 1D EVP model [36, 37] is used for the con-

solidation modelling. In Plaxis software (2D 2015 version),

a soft soil creep (SSC) model is adopted in the FE simu-

lations. SSC model is in fact a 3D EVP model [30]. The

structure and parameters of this SSC model are almost the

same as a 3D EVP model proposed by Yin [31] and Yin

and Graham [39].

Values of all parameters used in FE consolidation sim-

ulation are listed in Table 2. In all FE simulations, a ver-

tical stress of 20 kPa is assumed to be instantly applied on

the top surface and kept constant for a period of

18,250 days (50 years). Since HKMC layer is in seabed,

the initial vertical effective stress is zero at the top of the

HKMC layer surface. Therefore, the unit stress

r
0
unit1 or r

0
unit2 in Eq. (6) cannot be zero. The best value of
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r
0
unit1 or r

0
unit2 shall be determined by oedometer compres-

sion test data at very small vertical effective stress. Here

we may assume that r
0
unit1 or r

0
unit2 takes values from 0.0 l

to 1 kPa and discuss difference of calculated settlement

values.

(a) Normally consolidated HKMC layer with H = 4 m

and OCR = 1.

The integrated Eq. (8b) is used to calculate the final

‘‘primary’’ settlement Sf ;1�4. The values of all parameters

are listed in Table 1. The values of all stresses are r
0
z1;0

¼ 0; r
0
z1;H ¼ 20:76kPa; r

0
z4;0 ¼ 20; r

0
z4;H ¼ 40:76kPa.

Sf ;1�4 is:

ð40:76 � 20Þ
Using above equation with r

0
unit2 = 0.01 kPa, it is found

that Sf ;1�4 ¼ 0.944 m; if r
0
unit2 = 0.1 kPa, Sf ;1�4 ¼

0.928 m; if r
0
unit2 = 0.5 kPa, Sf ;1�4 ¼ 0.879 m; if

r
0
unit2 = 1 kPa, Sf ;1�4 ¼ 0.834 m. This means that the final

‘‘primary’’ settlement Sf ;1�4 is sensitive to the value of

r
0
unit2. In this example, we select r

0
unit2 = 0.1 kPa so that the

final ‘‘primary’’ settlement Sf ;1�4 is 0.928 m.

The calculation of average mv and cv is below:

Dez;1�4 ¼ Sf ;1�4 ¼ 0:928=4 ¼ 0:232

mv ¼ Dez;1�4=Dr
0
z;1�4 ¼ 0:232=20 ¼ 0:0116 ð1=kPaÞ

cv ¼ k=ðcwmvÞ ¼ 1:9 � 10�4=ð9:81 � 0:0116Þ
¼ 1:670 � 10�3 ðm2=dayÞ ¼ 0:610 ðm2=yearÞ

As explained, a thick layer can be divided into small

sub-layers. The stresses and values of soil parameters in

each sub-layer are assumed be constant. In this case, simple

equations in Eq. (6b) can be used to calculate that the final

‘‘primary’’ settlement Sf ;1�4 for each sub-layer. This layer

of 4 m can be divided into 2, 4, or 8 sub-layers with

thickness of 2 m, 1 m, and 0.5 m, respectively. The final

‘‘primary’’ settlement Sf ;1�4 calculated is 0.743 m,

0.831 m, 0.881 m and 0.910 m sub-layers with thickness

of 4 m, 2 m, 1 m, and 0.5 m, respectively. Values of Sf , mv

and cv for sub-layer thickness of 0.5 m for OCR = 1 are

listed in Table 2. ezp in Table 2 is the vertical strain in each

sub-layer (0.5 m here) from the initial effective stress r0zi to

pre-consolidation pressure r0zp and ezp is average of all ezp
values. Since OCR = 1, r0zp ¼ r0zi, the strain ezp and ezp are

zero. Dez is the strain increase in each sub-layer for loading

from r
0
zp to current stress r

0
z. Dez is average of all Dez

values. ðezp þ DezÞ is total vertical strain. Summary of

values of Sf , mv and cv for different numbers of sub-layers

for OCR = 1 is listed in Table 3 including Sf obtained by

more accurate integration method. It is seen from Table 3

that the more sub-layers (or the smaller thickness of the

sub-layers), the more accurate are these Sf , mv and cv. A

thickness of 0.5 m is considered as appropriate since the

relative error of Sf is only 0:928�0:910
0:928

� 100% ¼ 1:9% of the

integrated one.

In this example, the general simplified Hypothesis B

method in Eq. (1) together with other equations on relevant

parameters is used to calculate the total settlement StotalB

Table 1 Values of parameters for the upper marine clay of Hong Kong

(a) Values of basic property

V ¼ 1 þ eo wi(kN/m3) OCR wi(%)

3.65 15 1 or 1.5 100

(b) Values of parameters used in Consol software

j=V k=V w=V to(day) kv(m/day) r
0
zo* (kPa)

0.01086 0.174 0.0076 1 1.90 9 10–4 1

(c) Values of parameters used in PLAXIS

j	 k	 l	 to(day) kv(m/day) OCR u
0
(kPa u

0
(deg)

0.02172 0.174 0.0076 1 1.90 9 10–4 1 or 1.5 0.1 30

(d) Values of parameters used in the simplified Hypothesis B method

Ce ½Ce ¼ j lnð10Þ� Cc ½Cc ¼ k lnð10Þ� Cae ½Cae ¼ w lnð10Þ� V to(day) kv(m/day)

0.0913 1.4624 0.0639 3.65 1 1.90 9 10–4

*: r
0
zo is the value of the effective vertical stress when the vertical strain of the reference time line is zero ðezo ¼ 0Þ. Further details can be found

in Zhu and Yin [44].
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using a ¼ 0:8 and b ¼ 0 (denoted B Method 1), b ¼ 0:3

(denoted B Method 2), and b ¼ 1(denoted B Method 3). B

Method 1 using a ¼ 0:8 and b ¼ 0 is in fact the method

published by Yin and Feng [35]. The calculated curves of

settlements with log(time) from the simplified Hypothesis

B method are shown in Fig. 5a for time up to 100 years. At

the same time, Hypothesis A method and two fully coupled

finite element models are used to calculate the curves of

settlements with log(time), which are also shown in Fig. 5a

for comparison. It is seen from Fig. 5a that, when a ¼ 0:8

and b ¼ 0:3 m, B Method 2 gives curves much closer to

the curves from the two finite element models of ‘‘Consol’’

by Zhu and Yin [42, 44] and Plaxis software (2D 2015

version). Values of parameters used in Consol software are

listed in Table 1b and those of Plaxis in Table 1c. As

shown in Fig. 5a, again, Hypothesis A method underesti-

mates the total settlement for the time period.

(b) Over-consolidated HKMC layer with H = 4 m and

OCR = 1.5

Equation (8d) from integration is used to calculate the

final ‘‘primary’’ settlement Sf ;1�4. Values of all parameters

are listed in Table 1. Values of all stresses are r
0
z1;0 ¼

0; r
0
z1;H ¼ 20:76 kPa; rzp;0

0 ¼ 0; r
0
zp;H ¼ 31:14 kPa r

0
z4;0

¼ 20; r
0
z4;H ¼ 40:76 kPa. Sf ;1�4 is:

Sf ;1�4 ¼ 0:0913

3:656 lnð10Þ
4

ð31:14 � 0Þ ½ð31:14 þ r
0
unit1Þ

�

lnð31:14 þ r
0
unit1Þ � ð31:14 þ r

0
unit1Þ�

ðð0 þ r
0
unit1Þ lnð0 þ r

0
unit1Þ � ð0 þ r

0
unit1ÞÞ� �

4

ð20:76 � 0Þ
½ð20:76 þ r

0
unit1Þ lnð20:76 þ r

0
unit1Þ

� ð20:76 þ r
0
unit1Þ � ðð0 þ r

0
unit1Þ lnð0 þ r

0
unit1Þ

� ð0 þ r
0
unit1ÞÞ�gþ

1:4624

3:65 lnð10Þ
4

ð40:76 � 20Þ
�

½ð40:76 þ r
0
unit2Þ

lnð40:76 þ r
0
unit2Þ � ð40:76 þ r

0
unit2Þ�

ðð20 þ r
0
unit2Þ lnð20 þ r

0
unit2Þ � ð20 þ r

0
unit2ÞÞ�

� 4

ð40:76 � 0Þ ½ð31:14 þ r
0
unit2Þ lnð31:14 þ r

0
unit2Þ

� ð31:14 þ r
0
unit2Þ � ðð0 þ r

0
unit2Þ lnð0 þ r

0
unit2Þ

�ð0 þ r
0
unit2ÞÞ�

o

Using above equation with r
0
unit1 ¼ r

0
unit2 = 0.01 kPa,

we find Sf ;1�4 ¼ 0.681 m; if r
0
unit1 ¼ r

0
unit2 = 0.1 kPa,

Table 2 Calculation of Sf , mv and cv for sub-layer thickness of 0.5 m for OCR = 1

Mid

sub-layer depth (m)
r

0
zi

(kPa)

r0z ¼ r0zi þ Dr0z (kPa) r0zp ¼ r0zi (kPa) ezp Dez mv(1/kPa) cv ¼ kv
cwmv

(m2/day)

0.25 1.2975 21.2975 1.2975 0 0.4748 0.01137 1.704E-03

0.75 3.8925 23.8925 3.8925 0 0.3120

1.25 6.4875 26.4875 6.4875 0 0.2428

1.75 9.0825 29.0825 9.0825 0 0.2012

2.25 11.6775 31.6775 11.6775 0 0.1727

2.75 14.2725 34.2725 14.2725 0 0.1517

3.25 16.8675 36.8675 16.8675 0 0.1355

3.5 18.1650 38.1650 18.1650 0 0.1287

ezp ¼
0

Total strain

ezp þ Dez
� �

:

0.2274

Settlement Sf (m) 0.9097

Table 3 Summary of Sf , mv and cv for different numbers of sub-layers for OCR = 1

Number of sub-layers Vertical strain ez after loading mv(1/kPa) cv ¼ kv
cwmv

(m2/day) Sf ¼ ez � H (m) Sf from integration (m)

1 0.1858 0.0093 2.086E-03 0.743 0.928

2 0.2077 0.0104 1.866E-03 0.831 0.928

4 0.2202 0.0110 1.760E-03 0.881 0.928

8 0.2274 0.0114 1.704E-03 0.910 0.928
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Sf ;1�4 ¼ 0.669 m; if r
0
unit1 ¼ r

0
unit2 = 0.5 kPa, Sf ;1�4 ¼

0.635 m; if r
0
unit1 ¼ r

0
unit2 = 1 kPa, Sf ;1�4 ¼ 0.604 m. This

means that the final ‘‘primary’’ settlement Sf ;1�4 is sensitive

to the value of r
0
unit1 and r

0
unit2. In this example, we select

r
0
unit1 ¼ r

0
unit2 = 0.1 kPa so that the final ‘‘primary’’ set-

tlement Sf ;1�4 is 0.669 m. The calculation of average mv

and cv is below:

Dez;1�4 ¼ Sf ;1�4 ¼ 0:669=4 ¼ 0:167

mv ¼ Dez;1�4=Dr
0
z;1�4 ¼ 0:167=20 ¼ 0:00837 ð1=kPaÞ

cv ¼ k=ðcwmvÞ ¼ 1:9 � 10�4=ð9:81 � 0:00837Þ
¼ 2:316 � 10�3 ðm2/dayÞ ¼ 0:845 ðm2/yearÞ
This 4-m-thick layer can be divided into small sub-

layers. The stresses and values of soil parameters in each

sub-layer are assumed be constant. In this case, simple

Fig. 5 Comparison of curves of settlements with log(time) from the simplified Hypothesis B method, Hypothesis A method, and two fully

coupled finite element modellings – a h = 4 m and OCR = 1 and b h = 4 m and OCR = 1.5
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equations in (6b) can be used to calculate that the final

‘‘primary’’ settlement Sf ;1�4 in each sub-layer. This layer of

4 m can divided into 2, 4, or 8 sub-layers with thickness of

2 m, 1 m, and 0.5 m, respectively. The final ‘‘primary’’

settlement Sf ;1�4 calculated is 0.487 m, 0.573 m, 0.625 m,

and 0.646 m sub-layers with thickness of 4 m, 2 m, 1 m,

and 0.5 m, respectively. Values of Sf , mv and cv for sub-

layer thickness of 0.5 m for OCR = 1.5 are listed in

Table 4. The meanings of ezp, ezp, Dez, Dez, and ðezp þ DezÞ
are the same as those in Table 2. Summary of values of Sf ,

mv and cv for different number of sub-layers for OCR = 1.5

is listed in Table 5 including Sf obtained by more accurate

integration method. It can be seen that the relative error of

Sf with sub-layer thickness of 0.5 m is only
0:669�0:646

0:669
� 100% ¼ 3:4%.

The simplified Hypothesis B method in (1) together with

other equations on relevant parameters is used to calculate

the total settlement StotalB using a ¼ 0:8 and b ¼ 0 (denoted

B Method 1), b ¼ 0:3 (denoted B Method 2) and b ¼ 1

(denoted B Method 3) for OCR = 1.5. The calculated

curves of settlements with log(time) from the simplified

Hypothesis B method are shown in Fig. 5b for time up to

100 years. At the same time, Hypothesis A method and two

fully coupled finite element models are used to calculate

the curves of settlements with log(time), which are also

shown in Fig. 5b for comparison. It is seen from Fig. 5b

that when a ¼ 0:8 and b ¼ 0:3 m, B Method 2 gives curves

much closer to the curves from the two finite element

models of ‘‘Consol’’ by Zhu and Yin [42, 43, 44] and Plaxis

software (2D 2015 version). Again, Hypothesis A method

underestimates the total settlement.

4 Consolidation settlements of layered soils
with vertical drains under staged loading–
unloading-reloading from general simple
method and fully coupled consolidation
analysis

4.1 Description of soil conditions

In this section, easy use and accuracy of the general simple

method are demonstrated through calculation of

Table 4 Calculation of Sf , mv and cv for sub-layer thickness of 0.5 m for OCR = 1.5

Mid sub-layer depth (m) r
0
zi

(kPa)

r0z ¼ r0zi þ Dr0z
(kPa)

r0zp ¼ r0zi
(kPa)

ezp Dez mv(1/

kPa)
cv ¼ kv

cwmv
(m2/day)

0.25 1.2975 21.2975 1.94625 0.004141 0.4084 0.00808 2.399E-03

0.75 3.8925 23.8925 5.83875 0.004312 0.2429

1.25 6.4875 26.4875 9.73125 0.004348 0.1731

1.75 9.0825 29.0825 13.62375 0.004364 0.1313

2.25 11.6775 31.6775 17.51625 0.004373 0.1026

2.75 14.2725 34.2725 21.40875 0.004378 0.0816

3.25 16.8675 36.8675 25.30125 0.004382 0.0653

3.75 19.4625 39.4625 29.19375 0.004385 0.0523

ezp ¼
0.004335

Dez ¼ 0.1572

Total strain

ezp þ Dez
� �

:

0.1615

Settlement Sf (m): 0.6461

Table 5 Summary of Sf , mv and cv for different numbers of sub-layers for OCR = 1.5

Number sub-layers Vertical strain ez after loading mv

(1/kPa)
cv ¼ kv

cwmv
(m2/day) Sf ¼ ez � H

(m)

Sf from integration (m)

1 0.1207 0.006036 3.210E-03 0.483 0.669

2 0.1432 0.007158 2.707E-03 0.573 0.669

4 0.1562 0.00781 2.481E-03 0.625 0.669

8 0.1615 0.008076 2.399E-03 0.646 0.669
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consolidation settlements of a multiple-layered soil under

multi-staged loadings with comparison with values from

fully coupled FE simulations. The soil profile is modified

from a real case in Hong Kong [18, 49] as shown in Figs. 6

and 7. This section only studies the first two layers, namely

upper marine clay of 6.22 m thick and upper alluvium of

5.80 m thick. To make the consolidation analysis more

accurate and to record accumulated settlement at different

depths, the upper marine clay layer is divided into two

layers by Sondex anchor 3, forming a total of three layers

Fig. 6 Soil profile and settlement monitoring points of a test embankment at Chek Lap Kok for Hong Kong International Airport project in 1980s

Fig. 7 Soil profile including a vertical drain and a smear zone of a test embankment at Chek Lap Kok for Hong Kong International Airport

project in 1980s
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of soils. Properties of upper marine clay and upper allu-

vium can be found in Table 6.

Prefabricated vertical drains (PVDs) with a spacing of

1.5 m in triangular pattern were inserted in the soils. The

radius of influence zone of each PVD was re ¼ 0:525d ¼
0:7875m for triangular pattern. The width of PVD was

b = 100 mm, thickness was t = 7 mm, and equivalent

radius is calculated as rd ¼ bþ tð Þ=4 þ t=10 ¼ 27:45 mm

[40]. The installation of PVDs normally causes a smear

zone around the vertical drains as shown in Fig. 7. We

assume that radius of this smear zone

rs ¼ 5rd ¼ 137:25 mm, in which the soils were disturbed

and the horizontal permeability kr became ks with values

listed in Table 6. Other properties such as OCR and com-

pression indices of the smear zone remain the same as the

undisturbed region.

There are four stages of loadings to be applied on top of

the soils, including two stages of loading, one stage of

unloading and the final stage of reloading. The magnitude

of vertical load (p1; p2; p3; p4), construction time

(tc1; tc2; tc3; tc4) and loading stage duration (t1; t2; t3; t4) are

shown in Fig. 8a. This type of staged loading is very close

to the real case of reclamation process from loading (filling

to a designed level), increasing loading (surcharging fill),

unloading by removing part of surcharging fill, and

reloading again due to construction of superstructures on

reclaimed land. The final stage of loading (superstructures)

may last for 50 years (18,250 days) after completion of

reclamation construction. To validate the general simpli-

fied Hypothesis B method, a fully coupled finite element

(FE) analysis is conducted in Plaxis 2D (2015) for this

case. A soft soil creep (SSC) model [30], which is mostly

similar to the 3D EVP model by Yin and Graham [39], is

adopted as the constitutive model for the two clayey soils

in Fig. 7. The parameters used in the FE model for the two

soils are the same as those in Table 6. Accumulated set-

tlements at settlement monitoring points 1, 3 and 5 (depths

of 0 m, 3 m, and 6 m, respectively) are calculated using

the general simple method and the FE model and are

plotted with total elapsed time. Excess pore pressures at the

centre of each layer and at the middle between rd and re are

calculated by the FE model during the whole consolidation

process.

4.2 Consolidation settlement calculation
by general simple method under staged
loadings

This section shows details with steps how to use the gen-

eral simple method to calculate consolidation settlements

of Case 2 under staged loading–unloading–reloading. The

total consolidation settlements are summation of ‘‘pri-

mary’’ consolidation settlement and creep settlements in

Eq. (1). For four stages of loading, details of calculations

are presented below.

4.3 Stage 1

As shown in Fig. 8a, for Stage 1 under p1 ¼ 52kPa, the

stress–strain state will move from point i ðr0
zi; eziÞ to point 1

ðr0
z1; ez1Þ as in Fig. 8b. The calculation method of Sf is

similar to the case of load increment from point 1 to 2 or

point 1 to 4 in Fig. 3. Due to the nonlinear strain–stress

relationship of soils and non-uniform stress distribution,

each j-layer (j = 1, 2, 3 for 3 layers) is divided into several

sub-layers (say N sub-layers) with a thickness of hn (0.5 m

or less) to calculate Sf and mv. Within each sub-layer,

initial effective stress r
0
zi can be considered as constant.

The final vertical effective stress at Stage 1 is calculated as

r
0
z1 ¼ r

0
zi þ p1 for each sub-layer. The settlement for each

j-layer will be the superposition of settlements of all sub-

layers (n ¼ 1. . .N). Therefore, Sfj1 and mvj1 for j-layer with

thickness Hj in Stage 1 (sub-index ‘‘1’’ for Stage 1; later

‘‘2’’, ‘‘3’’, ‘‘4’’ for Stages 2, 3, and 4) are calculated in the

following equations:

mvj1 ¼ ez1 � ezi
p1

¼ Sfj1
Hjp1

ð19bÞ

where n is index for sub-layers within j-layer

(n ¼ 1. . .N), hn is thickness of a sub-layer (hn � 0:5m),

POP in Table 6 is called pre-over-consolidation pressure

Sfj1 ¼
Xn¼N

n¼1

Cr

1 þ eo
log

r
0
z1 þ r

0
unit1

r0
zi þ r0

unit1

 !
hn; if r

0
z1 �ðr0

zi þ POPÞ

Cr

1 þ eo
log

r
0
zi þ POPþ r

0
unit1

r0
zi þ r0

unit1

 !
þ Cc

1 þ eo
log

r
0
z1 þ r

0
unit2

r0
zi þ POPþ r0

unit2

 !" #
hn;

if r
0
z1 [ ðr0

zi þ POPÞ

8
>>>>>>><

>>>>>>>:

ð19aÞ
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(after [49] and POP ¼ r
0
zp � r

0
zi. Equation (19) is valid for

the final state ðr0
z1; ez1Þ in either over-consolidation (OC)

state or normal consolidation (NC) state.

Values of Sf1 and mv1 for three layers ðHj; j ¼ 1; 2; 3Þ
under Stage 1 are calculated using Eq. (19) and listed in

Table 7. After this, a Microsoft Excel spreadsheet with

macros based on a spectral method developed by Walker

and Indraratna [26] is used to calculate the average excess

porewater pressure uej for j-layer using known values of kv,

kr, and ks in Table 6 and the calculated mvj1 in Table 7. The

average degree of consolidation Uj1 for j-layer for Stage 1

is then calculated using Eq. (10b). Using calculated values

of Uj1 and Sfj1, the ‘‘primary’’ consolidation settlement

Sprimary1 in Stage 1 is calculated as:

Sprimary ¼
X3

j¼1

Sprimary;j ¼
X3

j¼1

Uj1Sfj1 ð20Þ

To calculate creep settlement Screep1 during Stage 1, the

equivalent time in Yin and Graham’s 1D EVP model

should be determined according to the final stress–strain

state ðr0
z1; ez1Þ for each sub-layer. If the soil is in normal

consolidation state (i.e. r
0
z1 �ðr0

zi þ POPÞ), equivalent time

te1 at the ‘‘final’’ effective stress r
0
z1 in Stage 1 is zero. If

the soil is in OC state (i.e. r
0
z1\ðr0

zi þ POPÞ), te1 should be

calculated as:

te1 ¼ to � 10ðez1�ezpÞ V
Cae

r
0
z1

r0
zp

 !� Cc
Cae

�to ð21Þ

where ez1 ¼ ezi þ Sfj1=Hj is the ‘‘final’’ strain without

creep at Stage 1. In fact, Eq. (21) is also valid for NC state.

The value of te1 is calculated for each sub-layer hn.

Therefore, Screep;fj1, Screep;dj1, Screepj1 and total settlement

StotalBj1 for each j-layer, no matter the ‘‘final’’ stress–strain

point is in OC or NC state, can be calculated using the

following equations:

Screep;fj1 ¼
Xn¼N

n¼1

Cae

1 þ eo
log

te1 þ t

te1 þ to
hn for to � t� t1 ð22aÞ

Screep;dj1 ¼
Xn¼N

n¼1

Cae

1 þ eo
log

te1 þ t

te1 þ tEOP;field

hn

for tEOP;field � t� t1

ð22bÞ

Screepj1 ¼ aUb
j1Screep;fj1 þ 1 � aUb

j1

� �
Screep;dj1 ð22cÞ

StotalBj1 ¼ Uj1Sfj1 þ aUb
j1Screep;fj1 þ 1 � aUb

j1

� �
Screep;dj1

h i

ð22dÞ

Table 6 Parameters of soils and vertical drains for HKIA Chek Lap Kok Test Embankment

Main layer Upper marine clay Upper alluvium Lower marine clay 1 Lower marine clay 2 Lower alluvium

Case 2 and Case 3 layers 3 layers used in Case 2 (j = 1,2,3) 8 layers used in Case 3 (3 layers in Case 2 j = 1,2,3) ? (5 layers here

j = 4,5,6,7,8)

Layer 1 2 3 4 5 6 7 8

Hj (m) 3.01 3.21 5.8 2.47 2.63 0.72 4.165 4.165

POP (kPa) 17 350 150 150 200

c (kN/m3) 14.22 19.13 18.15 18.15 19.72

V ¼ 1 þ eo 3.65 2.06 2.325 2.325 2.06

j 0.0396 0.0224 0.0353 0.0353 0.0020

k 0.5081 0.1339 0.3030 0.3030 0.0087

w 0.0078 0.0035 0.0061 0.0061 0.0000

Cr ¼ Ce 0.0913 0.0515 0.0814 0.0814 0.0046

Cc 1.1699 0.3083 0.6977 0.6977 0.0200

Cae 0.0180 0.0080 0.0140 0.0140 0.0000

to (year) 0.0027 0.0027 0.0027 0.0027 0.0027

kv (m/yr) 0.03469 0.09461 0.00394 0.00394 0.1577

kr ¼ kh (m/yr) 0.06307 0.18922 0.00978 0.00978 0.3155

Drain spacing S (m) 1.5 1.5 1.5 No drain No drain

Drain pattern Triangular Triangular Triangular No drain No drain

rd ¼ rw (m) 0.0275 0.0275 0.0275 No drain No drain

rs=rd 5 5 5 No drain No drain

kr=ks 1.82 2.00 2.48 No drain No drain
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Fig. 8 a Construction time, stage time and vertical pressures of four staged loadings from loading, to unloading and reloading and b state points

in vertical strain-log(effective stress) space
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In this case, Eq. (22d) is used to calculate StotalBj1 for j-

layer in Stage 1 with a ¼ 0:8 and b ¼ 0:3. Using Eq. (1),

the total settlement StotalB1 of 3 layers in Stage 1 is

StotalB1 ¼
Xj¼3

j¼1

StotalBj1

¼
Xj¼3

j¼1

Uj1Sfj1 þ aUb
j1Screep;fj1 þ 1 � aUb

j1

� �
Screep;dj1

h i

ð22eÞ

4.4 Stage 2

For Stage 2 with p2 ¼ 100kPa, the final vertical effective

stress r
0
z2 is r

0
z2 ¼ r

0
z1 þ p2 ¼ r

0
zi þ p1 þ p2 as in Fig. 8b at

point 2 ðr0
z2; ez2Þ. The calculation of Sfj is dependent on the

soil stress–strain state before and after loading increment as

below:

mvj2 ¼ ez2 � ez1
p2

¼ Sfj2
Hjp2

ð23bÞ

where ez2 ¼ ez1 þ Sfj2=Hj is the final accumulated vertical

strain without creep strain at Stage 2. Values of Sf2 and mv2

for three layers ðHj; j ¼ 1; 2; 3Þ under Stage 2 are listed in

Table 7. In this stage, average degree of consolidation for

each layer Uj1 under p1 and Uj2 under p2 should be cal-

culated independently using Walker and Indraratna [26]’s

spectral method. For Uj1, the staged-consolidation time at

Stage 2 should be from t1 to ðt1 þ t2Þ. For Uj2, the staged-

consolidation time at Stage 2 should be from 0 to t2. Total

Sprimary should include the settlements produced by p1 and

p2 with total time below:

Sprimary ¼
X3

j¼1

Sprimary;j ¼
X3

j¼1

ðUj1Sfj1 þ Uj2Sfj2Þ ð24Þ

Screepj2 only includes the creep settlement at the current

loading stage under p2 (i.e. to\t\t2 for Screep;f and

tEOP;field\t\t2 for Screep;d). To calculate Screepj2, the actual

stress–strain state at Stage 2 and its corresponding equiv-

alent time te2 should be determined. First of all, the final

creep strain ez;creep1 shown in Fig. 8b and accumulated total

strain ez1end at the end of Stage 1 (point 100) should be

calculated by the following equations:

Sfj2 ¼
Xn¼N

n¼1

Cr

1 þ eo
log

r
0
z2 þ r

0
unit1

r0
z1 þ r0

unit1

 !
hn; if r

0
z1\r

0
z2 �ðr0

zi þ POPÞ

Cr

1 þ eo
log

r
0
zi þ POPþ r

0
unit1

r0
z1 þ r0

unit1

 !
þ Cc

1 þ eo
log

r
0
z2 þ r

0
unit2

r0
zi þ POPþ r0

unit2

 !" #
hn;

if r
0
z1\ðr0

zi þ POPÞ\r
0
z2

Cc

1 þ eo
log

r
0
z2 þ r

0
unit2

r0
z1 þ r0

unit2

 !
hn; if (r

0
zi þ POPÞ� r

0
z1\r

0
z2

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

ð23aÞ

Table 7 Values of Sfj and mvj for three soil layers under four stages calculated using the general simple method

Stage No., Sfj or mvj Layer 1 (j = 1) Layer 2 (j = 2) Layer 3 (j = 3)

1: Sfj1 (m) 0.4291 0.3035 0.0415

2: Sfj2 (m) 0.4157 0.3796 0.0409

3: Sfj3 (m) - 0.0428 - 0.0380 - 0.0509

4: Sfj4 (m) 0.02989 0.02573 0.03296

1: mvj1 (1/kPa) 0.0027415 0.0018185 0.0001375

2: mvj2 (1/kPa) 0.0013810 0.0011825 0.0000704

3: mvj3 (1/kPa) 0.0001227 0.0001022 0.0000756

4: mvj4 (1/kPa) 0.0001342 0.0001083 0.0000768
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ez;creep1 ¼ Screepj;1 t1ð Þ
Hj

ð25aÞ

ez1end ¼ ez1 þ ez;creep1 ð25bÞ
The new apparent pre-consolidation pressure r

0
zp1 and

the corresponding strain ezp1 at the end of Stage 1 shown in

Fig. 8b due to previous creep (or ageing) should be cal-

culated by solving the following two equations:

ezp1 ¼ ez1end þ Cr

1 þ eo
log

r
0
zp1 þ r

0
unit1

r0
z1 þ r0

unit1

ð26aÞ

ezp1 ¼ ezp þ Cc

1 þ eo
log

r
0
zp1 þ r

0
unit2

r0
zp þ r0

unit2

ð26bÞ

From Eqs. (26a, 26b), the apparent pre-consolidation

pressure r
0
zp1 can be solved as:

r
0
zp1 ¼

r
0
zp þ r

0
unit2

� � Cc
Cc�Cr

r0
z1 þ r0

unit1

� � Cr
Cc�Cr

� 10 ez1end�ezpð Þ 1þeo
Cc�Cr � r

0
unit1

ð26cÞ
where r

0
unit1 is assumed to be equal to r

0
unit2 here. If r

0
zp1

is known, ezp1 can be calculated using Eq. (26a) or (26b).

With p2 applied, if ðr0
z1 þ p2Þ ¼ r

0
z2 � r

0
zp1 (i.e. the soil is in

NC state at point 2NC) as in Fig. 8b, the equivalent time

te2 ¼ 0. Otherwise, r
0
z2 � r

0
zp1, as the case of point 2OC in

OC state as shown in Fig. 8b or ðr0
z2; ez2Þ in OC state, te2 at

r
0
z2 should be calculated as:or ðr0

z2; ez2Þ in OC state

te2 ¼ to � 10ðez2�ezpÞ V
Cae

r
0
z2

r0
zp

 !� Cc
Cae

�to ð27Þ

where ez2 ¼ ez1end þ Cr

1þeo
log

r
0
z2þr

0
unit1

r0
z1
þr0

unit1

is the vertical strain

at point 2OC in OC state, before creep at the beginning of

Stage 2 loading. The value of te2 is calculated for each sub-

layer with thickness hn for the point in either NC state or

OC state. Therefore, Screep;fj2 and Screep;dj2 for each j-layer

can be calculated using the following equations:

Screep;fj2 ¼
Xn¼N

n¼1

Cae

1 þ eo
log

te2 þ t

te2 þ to
hn for to � t� t2 ð28aÞ

Screep;dj2 ¼
Xn¼N

n¼1

Cae

1 þ eo
log

te2 þ t

te2 þ tEOP;field

hn

for tEOP;field � t� t2

ð28bÞ

However, since Screepj2 is calculated from the current

stress–strain state under ðp1 þ p2Þ loading, Uj in Eq. (22c)

should be replaced by the accumulated average degree of

consolidation Umulti;j2 for multi-stages of loadings, which is

calculated by:

Umulti;j2 ¼ ðUj2p1 þ Uj2p2Þ
p1 þ p2

ð29Þ

Finally, the total consolidation settlements for j-layer

and for all three layers in the period of Stage 2 are calcu-

lated by:

StotalBj2 ¼ Umulti;j2Sfj2

þ aUb
multi;j2Screep;fj2 þ 1 � aUb

multi;j2

� �
Screep;dj2

h i

ð30aÞ

StotalB2 ¼
Xj¼3

j¼1

StotalBj2 ¼
Xj¼3

j¼1

Umulti;j2Sfj2

þ aUb
multi;j2Screep;fj2 þ 1 � aUb

multi;j2

� �
Screep;dj2

h i ð30bÞ

4.5 Stage 3

For Stage 3 of unloading p3 ¼ �116kPa, Sfj3, mvj3 and Uj3

are calculated using the same procedures as Stages 1 and 2.

It should be noted that, for this unloading stage, Sfj3 is

simply calculated by:

Sfj3 ¼
Xn¼N

n¼1

Cr

1 þ eo
log

r
0
z3 þ r

0
unit1

r0
z2 þ r0

unit1

 !
hn ð31Þ

where r
0
z2 ¼ r

0
zi þ p1 þ p2, r

0
z3 ¼ r

0
zi þ p1 þ p2 þ p3, and

r
0
z3\r

0
z2. As shown in Fig. 8b, point 3OC must be in an OC

state, but point 3OC may be reached from the end of creep

at point 2NC. However, point 2 could be at point 2OC in an

OC state. If this case, Eq. (31) can still be used. Under

unloading condition, as both Sfj3 and p3 are negative, mv3 is

still positive, and therefore, the spectral method can be

normally used to compute the degree of consolidation. The

calculation of Sprimary;j should contain the settlements pro-

duced in the previous stages during the current stage period

in the following equation:

Sprimary;j ¼ Uj1Sfj1 þ Uj2Sfj2 þ Uj3Sfj3 ð32Þ
where Uj1, Uj2 and Uj3 are the average degree of consoli-

dation under (i)p1 from t1 þ t2ð Þ to t1 þ t2 þ t3ð Þ, (ii) p2

from t2 to t2 þ t3ð Þ, (ii) p3 from 0 to t3, respectively. Cal-

culation of Screepj3 follows similar procedures as in Stage 2,

not be elaborated here. Umulti;j3 for calculating creep set-

tlement should be calculated as:

Umulti;j3 ¼ ðUj1p1 þ Uj2p2 þ Uj3p3Þ
p1 þ p2 þ p3

ð33Þ
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4.6 Stage 4

For Stage 4 with p4 ¼ 74kPa, similar procedures as those

for Stages 1 and 2 are used for calculations of Sfj4, Uj4 and

Screepj4. But Sprimary;j and Umulti;j4 should be calculated as:

Sprimary;j ¼ Uj1Sfj1 þ Uj2Sfj2 þ Uj3Sfj3 þ Uj4Sfj4 ð34Þ

Umulti;j4 ¼ ðUjp1 þ Uj2p2 þ Uj3p3 þ Uj4p4Þ
p1 þ p2 þ p3 þ p4

ð35Þ

where Uj1,Uj2, Uj3, and Uj4 is the average degree of con-

solidation under (i)p1 from t1 þ t2 þ t3ð Þ to t1 þ t2ð
þt3 þ t4Þ, (ii) p2 from t2 þ t3ð Þ to t2 þ t3 þ t4ð Þ, (iii) p3

from t3 to t3 þ t4ð Þ, and (iv) p4 from 0 to t4.

The values of Sfj and mvj for Stages 1 to 4 are listed in

Tables 7. Using the spectral method and Eqs. (10b), (24),

(26) and (28) the average degree of consolidation degree

Umulti;j for each layer during four stages is calculated and

plotted with time in Fig. 9.

Fig. 9 Calculated curves of Umulti;j and total loading time in logarithmic scale for each j-layer under multi-staged four loadings

Fig. 10 Comparison of settlements with accumulated total loading time in logarithmic scale at three settlement monitoring points at z = 0 m, 3 m

and 6 m from the simplified Hypothesis B method and fully coupled finite element modelling
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4.7 Comparisons of results from the general
simple method and fully coupled FE analysis

Figure 10 shows the computed settlements at three mea-

surement points (0, 3 and 6 m) by both simplified

Hypothesis B method and FE analysis. It can be found that

the settlements at three different depths are close to those

computed by FE analysis under four stages of loading,

unloading and reloading. The settlements in 50 years in

stage 4 are very small. This is because the soils are in over-

consolidation state in stage 4 due to the surcharge in stage

2. The results demonstrated that surcharge loading before

construction will significantly reduce long-term post-con-

struction settlements.

uj Figure 11 shows the average excess porewater pres-

sure at the centre of each soil layer, compared with the

computed excess porewater pressure at the above-men-

tioned measurement points in the FE model. It is found that

excess porewater pressure computed by the spectral

method adopted in the general simple method fit well with

the one simulated by FE model. In conclusion, the pro-

posed simplified Hypothesis B method is close to fully

coupled FE analysis for the case with multiple layered soils

under multi-staged loading conditions.

5 Consolidation settlements of test
embankment on layered soils with vertical
drains under staged loading from general
simple method, fully coupled
consolidation analyses and measurement

5.1 General descriptions of the test
embankment

In this section, Test Embankment at Chek Lap Kok for

Hong Kong International Airport (HKIA) project in 1980s

is used as an example to demonstrate the validity of the

new general simple method. Consolidation settlements of

this HKIA Chek Lap Kok Test Embankment are calculated

using the new general simplified Hypothesis B method and

are compared with measured data and values from the

simplified finite element (FE) method reported by Zhu

et al. [49]. Details of the site conditions, properties of soils,

parameters of vertical drains, construction process,

parameters used in the FE model can be found in Kout-

softas et al. [18] and Zhu et al. [49]. The calculations of

Sfj;Dr
0
z; Dez; mvj and cvj for each layer under three stages

are listed in Table 8.

Figure 6 shows soil profile and settlement monitoring

points of Chek Lap Kok Test Embankment [13, 18]. Ele-

vation in mPD (meter in Principal Datum), depth

Fig. 11 Comparison of excess porewater pressure with log(total loading time) for three layers from the general simplified Hypothesis B method

and fully coupled finite element modelling
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coordinate, thickness values of four major layers, 8 set-

tlement monitoring points by Sondex anchors, and 9 pore

water pressure measurement points are all shown in Fig. 6.

In this section, only 4 points at depths 0 m, 3 m, 6 m and

14.5 m are selected to calculate settlements for comparison

with measured data.

Figure 7 shows soil profile and vertical drain with smear

zone. It is noted that the vertical drain penetrated only

5.1 m into ‘‘lower marine clay’’. Therefore, ‘‘lower marine

clay’’ is divided into two layers: ‘‘lower marine clay 1’’

with thickness of 5.1 m and ‘‘lower marine clay 2’’ with

thickness of 0.72 m in order to calculate the average degree

of consolidation of each layer better.

Values of parameters of soils and vertical drains for

HKIA Chek Lap Kok Test Embankment are listed in

Table 6. For more accurate calculation of settlements and

the average degree of consolidation, as well as convenient

calculation at settlement monitoring points, ‘‘upper marine

clay’’ is divided into two main layers of

Hj ¼ 3:01 m and 3.21 m, ‘‘lower marine clay 1’’ is divided

into Hj ¼ 2:47 m and 2:63 m, ‘‘lower alluvium’’ is divided

into two layers with Hj ¼ 4:165 m each. There are a total

of 8 layers (j = 1…8).

Figure 12 shows construction time (tc1; tc2; or tc3),

loading stage times (t1; t2; or t3), and stage vertical pres-

sures (p1; p2; or p3) for each of three staged loadings. It

should be noted that in situ monitoring of settlements by

Sondex anchors was started 65 days after the construction

began. The in situ settlement data from 65 to 909th day of

total construction time were recorded and used for com-

parisons in this study.

5.2 Comparisons of results from the general
simple method, fully coupled FE analyses,
and measurement

In the general simplified Hypothesis B method, calcula-

tions of Sfj, mv, Uj and Screepj for each j-layer under three

loading stages are completed in a Microsoft Excel

spreadsheet in the same way as that in Sect. 4. In this case,

a ¼ 0:8 and b ¼ 0:3 are used, which is also the same as in

previous sections.

Table 8 Calculated values of parameters of j-layers for HKIA Chek Lap Kok Test Embankment

Stage Layer Hj

1 2 3 4 5 6 7 8

Sfj (m) 1 0.4291 0.3035 0.0415 0.0160 0.0143 0.0035 0.0011 0.0009

Sfj ðmÞ 2 0.4157 0.3796 0.0409 0.0214 0.0204 0.0052 0.0015 0.0013

SfjðmÞ 3 0.2123 0.2101 0.0255 0.1128 0.1113 0.0290 0.0031 0.0028

Dr0z ðkPaÞ 1 52 52 52 52 52 52 52 52

Dr
0
z (kPa) 2 100 100 100 100 100 100 100 100

Dr0z (kPa) 3 105 105 105 105 105 105 105 105

Dez 1 0.1426 0.0946 0.0072 0.0065 0.0054 0.0049 0.0003 0.0002

Dez 2 0.1381 0.1182 0.0070 0.0087 0.0078 0.0072 0.0004 0.0003

Dez 3 0.0705 0.0654 0.0044 0.0456 0.0423 0.0403 0.0008 0.0007

mv

(1/kPa)

1 2:741

�10�3

1:818

�10�3

1:375

�10�4

1:245

�10�4

1:043

�10�4

9:386

�10�5

5:182

�10�6

4:202

�10�6

mv

(1/kPa)

2 1:381

�10�3

1:182

�10�3

7:045

�10�5

8:683

�10�5

7:765

�10�5

7:242

�10�5

3:170

�10�6

3:178

�10�6

mv

(1/kPa)

3 6:716

�10�4

6:233

�10�4

4:187

�10�5

4:348

�10�4

4:031

�10�4

3:840

�10�4

7:165

�10�6

6:431

�10�6

cv (m2/yr) 1 1.27 1.91 68.78 3.17 3.78 4.20 3042.97 3752.62

cv (m2/yr) 2 2.51 2.93 134.30 4.54 5.08 5.44 4250.04 4962.32

cv (m2/yr) 3 5.17 5.57 225.95 0.91 0.98 1.03 2200.71 2451.95

cr (m2/yr) 1 2.30 3.47 137.56 7.85 9.37 10.42 6085.94 7505.24

cr (m2/yr) 2 4.57 5.33 268.60 11.26 12.59 13.50 8500.09 9924.63

cr (m2/yr) 3 9.39 10.12 451.91 2.25 2.43 2.55 4401.41 4903.91
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Fig. 12 Construction time, stage time and vertical pressures of three staged loadings in HKIA Chek Lap Kok Test Embankment

Fig. 13 Comparison of curves of settlements with total loading time at depths 0 m, 3 m, 6 m and 14.5 m from the general simplified Hypothesis

B method, fully coupled finite element modelling and measurement
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The total consolidation settlements StotalB at depths of

0 m, 3 m, 6 m and 14.5 m are calculated using the general

simplified Hypothesis B method for three stages of loading.

Comparison of curves of settlements with accumulated

time at depths of 0 m, 3 m, 6 m and 14.5 m from the

general simplified Hypothesis B method, fully coupled

finite element modelling and measurement is shown in

Fig. 13. It is found that the values from the general sim-

plified Hypothesis B method are in good agreement with

measured data and values from fully coupled finite element

modelling [49] using a 1-D elastic viscoplastic (1-D EVP)

model [36, 37].

6 Summary and Conclusions

A new general simplified Hypothesis B method, also called

general simple method, is proposed and verified for cal-

culating consolidation settlements of layered clayey soils

exhibiting creep without or with vertical drains under

complicated staged loadings. This method is a new un-

coupled method compared with fully coupled consolidation

methods. Equations of this general simple method incor-

porating a new logarithmic stress function which avoids

singularity problem are rigorously derived. Excess pore

water pressure in ‘‘primary consolidation’’ is calculated by

using a spectral method implemented in a Microsoft Excel

spreadsheet. Two parameters, namely a and b, are intro-

duced in this method. All other parameters in this method

are convectional parameters, which can be easily deter-

mined from multi-staged oedometer tests. It is worthy to

note that the two creep parameters Cae and to are deter-

mined from a creep test under a vertical effective stress in a

normal consolidation (NC) state. But, using the ‘‘equiva-

lent time’’ (te) concept and theory of Yin and Graham

[36, 37], the creep function using Cae and to as well te can

be used to calculate creep settlements in OC state and also

in unloading/reloading states. Verification studies are car-

ried out by comparing calculated values of settlements by

this general simple method with values from fully coupled

finite element analysis for Cases 1 and 2 as well as in situ

measured data for Case 3. Based on these works, following

conclusions can be made.

(a) From the case study of a single soil layer with

OCR = 1 or 1.5 under instantaneous vertical loading,

calculated settlements by using the new general

simple method agree well with values from fully

coupled finite element (FE) analyses by Plaxis and

Consol. Selection of a ¼ 0:8 and b ¼ 0:3 is found to

have the best performance compared to other selec-

tions. It is also clearly revealed that Hypothesis A

method underestimates the total settlements.

(b) From the case study for double layered soils under

multi-staged loading–unloading–reloading, consoli-

dation settlements in either short-term or long-term

period are very close to values from an FE analysis.

It can be concluded that the proposed general

simplified Hypothesis B method has a stable perfor-

mance and good accuracy for layered soils under

complicated staged loading schemes.

(c) The general simple method is applied to calculate

consolidation settlements in a real case in HKIA

Chek Lap Kok Test Embankment with multi-layered

soils and vertical drains under multi-staged loading.

Calculated settlements by this new simple method

are in good agreement with insitu measured data and

also values from an FE analysis.

(d) Based on the above comparisons and validations, it is

found that the new general simple method is accurate

and easy to use for calculating consolidation settle-

ments of single or layered soils with and without

vertical drains under multi-staged loading, unloading

and reloading using parameters from conventional

oedometer tests.
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